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Abstract 

We introduce the notion of finite right (respectively left) numerical index on 
a C*-bimodule aXb with a bi-Hilbertian structure. This notion is based on 
a Pimsner-Popa-type inequality. The right (respectively left) index element of 
X can be constructed in the centre of the enveloping von Neumann algebra of 
A (respectively B). X is called of finite right index if the right index element 
lies in the multiplier algebra of A. In this case we can perform the Jones basic 
construction. Furthermore the C* -algebra of bimodulc mappings with a right 
adjoint is a continuous field of C*-algebras over a compact Hausdorff space, 
whose fiber dimensions are bounded above by the index. We show that if A is 
unital, the right index element belongs to A if and only if X is finitely generated 
as a right module. A finite index bimodule is a bi-Hilbcrtian C*-bimodulc which 
is at the same time of finite right and left index. 

We study the relationship between the notion of finite index and the notion of 
conjugation in a tensor 2-C*-category, in the sense of Longo and Roberts. We 
show that bi-Hilbcrtian, finite index C*-bimodules, when regarded as objects of 
the tensor 2-C*-category of right Hilbertian C*-bimodules, are precisely those 
objects with a conjugate in that category. 
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Introduction 

The theory of conjugation in abstract tensor C*-categories appeared in the 
algebraic formulation of Quantum Field Theory [H]. 

In this connection, Doplicher and Roberts showed in [DR1], [DR2] that any 
symmetric tensor C*-category with conjugation can be embedded into a cate- 
gory of finite dimensional Hilbcrt spaces, and therefore the category is isomor- 
phic to the representation category of a compact group. 

However, some tensor C*-categories with a unitary braiding, arising from 
low dimensional QFT, can not be embedded into categories of Hilbert spaces 
[LR]. 

R. Longo and J.E. Roberts recently studied in [LR] conjugation in general 
tensor C*-categories, and they showed that this notion is closely related to the 
Jones index theory for subfactors [J] . 

A different, but related, approach to conjugation (or duality) in a tensor 
C*-category has been recently studied by Yamagami in [Y]. 

An interesting open problem is to decide which tensor C*-categories with 
conjugation can be embedded into categories of Hilbcrt C*-bimodules. A re- 
lated, easier, problem is to ask which sort of bimodulcs should appear. 

In this paper we investigate the latter problem. We introduce Jones index 
theory for general Hilbert bimodules over pairs of C*-algebras, and we show 
that bimodules of finite index are precisely those endowed with a conjugate 
object in the same category. 

Therefore if a tensor C*-category with conjugation can be embedded into a 
category of right Hilbcrt C*-bimodules, these should be of finite Jones index. 

In [KW1] the first and third-named authors studied Hilbert C*-bimodules 
with finite Jones index in the case where the C* -algebras are unital and the 
bimodules are finitely generated as right as well as left modules. It turns out 
that a bimodule of finite index over unital C*-algebras, in the sense introduced 
in this paper (Dcf. 2.23), is automatically finitely generated as a bimodule, and 
therefore it is of the kind described in [KW1] (Cor. 2.25). 

If A and B are C*-algebras, an object of our category is a right Hilbert 
.B-module X with an action of A on the left given by a nondegenerate *- 
homomorphism of A into the C*-algebra of i?-module maps of X into itself 
with adjoint. We will refer to such a bimodule as a right Hilbert A-B C*- 
bimodulc. The space of intertwiners from aXb to aYb is the set of adjointablc 
bimodule maps. 

Strictly speaking, the notion of tensor C*-category is not correct for the 
category of right Hilbert C*-bimodules. In fact, the set of objects is not a unital 
semigroup. We rather need the framework of tensor 2-C*-categories, where a 
theory of conjugation can be developed without any substantial difficulty, as 
sketched in the appendix of [LR] . 

On the other hand, the notion of Jones index leads us to introduce bi- 
Hilbertian structures on C*-bimodulcs. aXb is called bi-Hilbertian if it is 
at the same time a right and a left Hilbert C*-bimodule in such a way that the 
two Banach space norms arising from the two inner products are equivalent. 
Examples are Rieffel's imprimitivity bimodules [Rl]. 

A bi-Hilbertian C*-bimodule will be called of finite right (or left) numerical 
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index if a suitable Pimsner-Popa-type inequality relating the two Banach space 
norms holds (see Definitions 2.8 and 2.9). A bimodule of finite numerical index 
is a bimodule which is at the same time of finite right and left numerical index. 

If X is of finite right (or left) numerical index, we construct the right (or 
left) index element of X as a positive central element of A" (or B"). 

While the tensor product of two imprimitivity bimodules is still an imprimi- 
tivity bimodule, a tensor product of bi-Hilbertian bimodules can not be made, 
in general, into a bi-Hilbertian bimodule in the natural way. However, if aXb 
has finite right numerical index and bYc has finite left numerical index then 
the algebraic tensor product bimodule X Qb Y can be completed into a bi- 
Hilbertian bimodule in the natural way (Prop. 2.13). One can not assume less: 
the left and right seminorms on X Qb P 2 {B)k,®b are equivalent if and only if 
X is of finite right numerical index. 

Typical examples of bimodules of finite right numerical index arise, of course, 
from conditional expectations between C*-algebras satisfying a Pimsner-Popa 
inequality. The work of Frank and Kirchberg [FK] shows that under this only 
assumption the index element of the conditional expectation lies in the envelop- 
ing von Neumann algebra of the bigger algebra. This reflects the fact that the 
Jones basic construction is not always possible in the C*-algebraic setting. 

We introduce in our theory an extra requirement: the right index element 
of aXb should lie in the multiplier algebra of A, and therefore in its centre. 
When this assumption is satisfied, we say that X is of finite right index. 

We prove that this property is in fact equivalent to other properties which 
would seem stronger a priori, such as, e.g., the fact that the left action of A on 
X has range into the compacts JC(Xb) (Theorem 2.22). 

Finite bases are a useful tool in Jones index theory, as they lead to a simple 
formula for the index element. One of the problems in Jones index theory for 
C*-algebras is to be able to establish existence of finite bases. In this direction, 
Izumi proved in [I] that a Pimsner-Popa conditional expectation from a simple, 
unital C*-algebra admits a finite quasi-basis in the sense of [W]. 

We obtain, as a consequence of Theorem 2.22, the following more general 
result: if X is a bi-Hilbertian A-B bimodule of finite right numerical index and 
if A is unital, the right index clement of X belongs A if and only if X is finitely 
generated as a right B-module. 

More generally, we show that bimodules with finite right index over a-unital 
C*-algebras admit countable, unconditionally convergent, bases (see Prop. 1.6 
and Cor. 2.24). Thus the the right index element of X is the strict limit of the 
sum of left inner products with themeselves of elements of any countable right 
basis. 

In the general case we shall deal with generalized bases in the sense of Def. 
1.8, which always exist, as shown in Prop. 1.9. 

Now the assumption that the right index element be a multiplier of A guar- 
anties the existence of the Jones basic construction (see Theorem 2.30), which 
takes the form of a positive, A-bilinear, strictly continuous map F : JC(Xb) — ► A 
satisfying a Pimsner-Popa inequality. Since left A- action lies in IC(Xb), F 
extends uniquely to a A-bilinear map F : C{Xb) — * M{A) between the corre- 
sponding multiplier algebras. The right index element of X coincides with F(I) 
and it can be reached by the strict limit of the image under F of an approximate 



4 



T. KAJIWARA, C. PINZARI, Y. WATATANI 



unit of K(X B ). 

We illustrate our approach to index theory with a typical example of an inclu- 
sion of commutative unital C*-algebras satisfying a Pimsner-Popa inequality, 
for which a finite quasi-basis in the sense of [W] does not exist. This class 
of examples arises from branched coverings, or orbifolds. It was first pointed 
out in [W], 2.8 and later analyzed by Frank and Kirchberg in [FK]. We show 
that this inclusion is in fact determined by a canonical nonunital subinclusion 
of finite right index in our sense (cf. Example 2.35). 

Let us go back to our aim of comparing Jones index theory for Hilbcrt bi- 
modules with conjugation theory. One of the main result of this paper is that 
these two approaches are equivalent (cf. Theorems 4.4 and 4.14). We show that 
a bi-Hilbertian C* -bimodule has finite Jones index in our sense if and only if 
it has a conjugate object in the 2-C*-category of right Hilbert C*-bimodulcs 
with nondegenerate left actions. A choice of the operators R and R satisfy- 
ing the conjugate equations leads to a specification of a left A-valued inner 
product on X making it into a finite index bi-Hilbertian bimodule. Conversely, 
a finite index bi-Hilbertian structure on X yields a solution of the conjugate 
equations. The square of the Longo-Roberts dimension relative to a solution 
(R, R) coincides with the corresponding numerical index of the bimodule. 

Imprimitivity bimodules are finite index bimodules, with left and right index 
elements equal to the identities. They can be characterized, among general 
right Hilbert C*-bimodules as those objects with trivial minimal dimension 
(Cor. 4.16). 

We show two applications of our characterization theorem. The first one is 
that if aXb is of finite index, the set of Hilbert module mappings (i.e. those with 
an adjoint) on Xb commuting with the left action coincides, as an algebra, with 
the set of Hilbert module mappings on aX commuting with the right action 
(Cor. 4.6). Moreover, each one of these C*-algebras is a continuous bundle 
of finite dimensional C*-algebras over a compact space, in the sense of [KW] 
(Theorem 3.3). 

As a second application, we show that the tensor product of two bi-Hilbertian 
bimodules of finite (resp. numerical) index is still of finite (resp. numerical) 
index (Theorem 5.2). 

An index theory for Hilbcrt bimodules turns out to be more general than 
for conditional expectations in the case where the algebras are not cr-unital. In 
fact, it is known that if E : B — > A is a conditional expectation satisfying a 
Pimsner-Popa inequality, an approximate unit of A must be an approximate 
unit of B as well. Therefore if A is cr-unital, B must be cr-unital as well. In 
particular, a unital C*-algebra and a non-cr-unital one can not be linked by a 
Pimsner-Popa conditional expectation. However, a 1I\ factor can be strongly 
Morita equivalent to a non-cr-unital C*-algebra (see [BGR]). 

In Section 6 we will discuss further examples of bimodules of finite index 
arising from locally finite directed graphs and topological correspondences. 

As Franks pointed out to the third-named author, our notion of basis is not 
standard terminology in the theory of Banach spaces. Frames are replacement 
for bases in Hilbert spaces and naturally arise in wavelet theory. Franks and 
Larson have recently studied the concept of module frames for Hilbert C*— 
modules in [FL1] and [FL2]. Module (quasi-)bases or frames are useful in Jones 
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index theory [BDH] , [FK] , [W] . Our concept of basis corresponds to their the 
notion of standard normalized tight frame. Since we will not consider orthogonal 
module bases in full generality, we will just use the term basis, for simplicity. 

This paper is an extended version of an appendix contained in the draft of 
[KPW1]. 

1. Countable bases and generalized bases 

Let A be a C*-algebra and X — Xa a right Hilbert C*-module over A. We 
denote by jC(Xa) the C*-algebra of A-module maps on X with an adjoint. 

A finite subset {u{\i of A is called a finite basis if x = Ui(ui\x)A for x € X. 
Our aim in this section is to generalize this notion to comprehend countable 
bases or, more generally, generalized bases in a sense that will be explained 
(see Definitions 1.1 and 1.8). These are infinite bases, and they will be a good 
substitute of finite bases in the case where the finite generation property does 
not hold. Indeed, we will show, generalizing slightly Dixmicr's proof of existence 
of approximate units in a C*-algebra [Di], that a right Hilbert module X always 
admits a generalized basis, and, in the case where X is countably generated, it 
actually admits a countable basis. 

We denote by 9 xy the rank one operator on X defined by Q r xy (z) — x{u\z)a- 
The linear span of rank one operators is denoted by FR(Xa) and called the 
ideal of finite rank operators. Its norm closure, K.(Xa), is the C*-algebra of 
compact operators, which is a closed ideal in C(Xa). 

For a left Hilbert A-module X, we define the rank one operators by l xy (z) = 
A(z\y)x, and the spaces of finite rank operators FR(aX), compact operators 
K{aX) and adjointable left A-module maps C{aX) arc defined similarly. 

The right Hilbert module Xa has a finite basis if and only if C{Xa) = IC(Xa)- 
If in addition A is unital, C(Xa) = JC(Xa) if and only if Xa is finite projective 
as a right module. 

We will often make use of the following formula, derived for example in 
Lemma 2.1 of [KPW1]. If Xa is a right Hilbert A-module, for any x\, . . . ,x n , 

n 

llE^,,JI = ll((^ki)A)!/ 2 ((^|%)A)l/ 2 ||, 

1=1 

where the norm at the right hand side is evaluated in the matrix C*-algebra 
M n (A). 

1.1 Definition Let X be a right Hilbert A-modulc. We say that a subset 
{ui}ieA C X is an (unconditionally convergent right) basis for X if for any 
x e X and for any e > there exists a finite subset F(e, x) of A such that for 
every finite subset F' with F' D F(e,x), \\x — J2 ieF , u i( u i\ x )A\\ < £• 

In other words the net F € {finite subsets of A} — > J2 ieF Ui(ui\x)A should 
converge x, for all x e X. 

One can easily show that if {ui}a is an unconditionally convergent right basis 
then 

lk||<i, ieA 
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and 

UE^M^H < \\x\\ 

ieF 

for any finite subset F of A. In fact, for x e A, 

< {x\y^Ui(Uj\x) A )A < (x\ E Ui(ui\x) A )A 
ieF ieFUF(s,x) 

< (x\x) A + e\\x\\, 

therefore 

< (x\ ^ Ui{ui\x) A ) A < (x\x)a, 

ieF 

and this shows that < J2ieF ®ui «< — 1> which implies 

(x\(£9 r UiiUi ) 2 (x)) A <(x\x) A . 
ieF 

Hence we have || J2ieF u i( u i\ x )A\\ < IMI- Moreover 

INI = IK i>u J 1/2 < i- 

For any unconditionally convergent right basis {«i}i 6 A C X, the net F — > 
J2ieF @uiUi 1S an approximate unit for JC(X A ). In fact, for any i,j/el, 

ii(E^.«i)^-^.»ii = ii^ <6 ,«i(«iix)x-x,ji<iiE^(^i^- x iiiiwii^o- 

ieF ieF 

This shows the claim as || J2 ieF 0^. \\ < 1. For any fixed n e N, the n x 
n operator matrix ((ui\uj) A )i j is a positive contraction as ||((wj|uj)A)i j\\ = 

iiEr=i^,«j- 

In this paper an unconditionally convergent right (or left) basis will be simply 
called a right (or left) basis. 

A sequence {uijigN C X is called a weak basis for X if for any x € X wc 
have a; = limn^oo M i (ui|x) J 4- One can similarly show that \\ui\\ < 1 and 
II Y^i=i u i( u i\ x )A\\ < IN for all n € N. A countable subset {wijieA C A will 
also be called a weak basis if it is a weak basis with respect to some bijective 
correspondence identifying A with N. 

One can easily show, using Kasparov's stabilization trick, that any countably 
generated Hilbert C*-module X over a cr-unital C*-algebra A admits a weak 
basis. We shall show that that A actually admits an unconditionally convergent 
countable basis. 

1.2 Lemma Let A be a right Hilbert C* -module over A, and {ui}i G \ a subset 
of X. If there exists a subset Ao in X such that XqA is total in X and such 
that for every x € X , J2ieA u i( u i\ x )A = x then {wj}j £ A is a right basis for X. 
Similarly, if A = N and if Y^^i u i{ u i\ x )A — x for x e A , then {m}^ is a 
weak basis. 
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Proof By right linearity of the inner product, x = XieA u i{ u i\ x )A for all x in 
the linear span of X A, which is dense in X. Let F be a finite subset of A. We 
then have 

(x\^6 UuUi (x)) A < (x\x) A 

for x in the linear span of X$A, therefore this inequality holds for all x £ X. 
This shows that || J2ieF < 1- A 3e argument will conclude the proof. 

Remark Any countable unconditionally convergent basis is a weak basis. We 
shall show that the converse is true under suitable conditions. 

1.3 Definition We say that a weak basis {uijigA for X satisfies the finite 
intersection property if for every i there exists a finite subset Gi C A such that 
for any j £ G\ we have (ui\uj) A = 0. 

1.4 Lemma Let {uijieA C X be a countable weak basis for X. Suppose that 
either 

(1) {ui} ie \ satisfies the finite intersection property, or 

(2) the set {6 Ui , Ui ,i £ A} is commutative. 

Then {ui} ie \ is an unconditionally convergent basis. 

Proof (1) Suppose that {ui}i satisfies the finite intersection property. Then for 
every i there exists a finite subset Gi C A such that Ui = X^gg u j{ u j\ u i)A, 
therefore Ui = X^eA u j{ u j\ u i)A- We can now appeal to Lemma 1.2 with Xq = 
{ut,i e A}. 

(2) Suppose now that the rank one operators UuUil i G A commute pairwise. 
Let us fix an identification of A with N. For any x £ X and for any e > there 
exists TV such that for any n> N, 

n 

\\x - ^2uk{u k \x) A \\ < e. 

k=l 

Setting Fq = {1, 2, • • • , N}, for any finite subset F of A with F D F , we have 

keF keF 

Since {0 Uk , Uk } commute each other, we have 

i 1 ~ XI °u k .u k ) 2 < (I - x ^« fc ,«J 2 - 

feGF keF, 

Thus we have (a:|(J - J2keF u k ,u k ) 2 x) A < (x\(I - J2keF„ Ou k ,u k ) 2 x) A - This 
implies that 

\\x - ^2 u k {u k \x) A \\ < \\x - y~] u k (u k \x) A \\ < e. 

k£F keF 

Our next aim is to show that countable unconditionally convergent bases exist 
under some countability generation property. 
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1.5 Lemma Let A be a a-unital C*-algebra. Then there exists a sequence 
{uj}j of positive elements of A such that for every neN, v n := Y^j=i( u j) 2 IS 
a contraction, the sequence {v n } n is a countable approximate unit of A, and 
u m u n — for any pair of positive integers m and n with |m — n\ > 2. 

Proof Since A is <r-unital, there exists a strictly positive contraction h in A. 
For each positive integer n we define a positive continuous function f n (x) <E 
C o ([0, 1]) as follows: For n > 2, let 



fn(x) 



< x < ±, 

2 n x-l ^<x<^kr, 

-2 n ~ 1 x + 2 ^< x <^ 

T^T < X < 1. 



We set fi(x) = if < x < \ and f x (x) = 2x - 1 if § < x < 1. Then we 
have f n f m = if \n - m\ > 2, /„(0) = and £~ =1 /„(x) = 1 for x e (0, 1] . 
Define u n = fn(h) 1 / 2 , so that v n — Y^i=i fjW- Then u n u m = if \n — m| > 2. 
Moreover is a countable approximate unit of A since the norm closure of 

Ah and hA is equal to ^4 (see, e.g., Prop. 12.3.1 in [B]). 

We are now ready to prove the existence of unconditionally convergent bases. 

1.6 Proposition Let X be a countably generated right Hilbert C* -module 
over a a-unital C* -algebra A. Then X has an unconditionally convergent right 
basis indexed by N — {1, 2, . . . }. 

Proof As a first step, we consider the case where X — A with the inner product 
(x\u)a — x*y for x, y e A. We choose a sequence {u n } n of A as in Lemma 1.5. 
Then ^2 n u n {u n \x) a = J2 n ( u ™) 2x = lirn„u„a; = x. Thus {u„} ne N is a weak 
basis with the finite intersection property. Hence {u n }neN is an unconditionally 
convergent right basis for X = A, by Lemma 1.4. 

Next we consider the case where X = I 2 (A) := £ 2 (N) <X>c A. Let {e n } n6 N be 
the canonical orthonormal basis for £ 2 (N) and let if : N 2 — > N be a bijection. 
Put gv^j) = ej ® Uj e £ 2 (N) <g> A. Define w n = g v -i( n \ € X. Let A" = 
{(xi, £2, • • • ) € X ; X{ = except for finitely many i}. Then X$ is dense in 
X, and for any x € Xq we have — Y^ik=i w k(wk\x)A\\ — » as n — > oo. By 
Lemma 1.2, this holds for every x e X = £ 2 (A). Thus {w„}„ g n is a weak basis 
with finite intersection property and therefore a basis by Lemma 1.4. 

In the general case X ~ p£ 2 (A) for some projection p in C{£ 2 {A)) by Kas- 
parov's stabilization theorem (see, e.g., [B]). We set s, = pwi <G X. For 
x e X C ^ 2 (A), we have 

FcA:finitc^ 

iGF 

thus 

.T=pa;= lim pw i (w l \px) A = lim V" Si(sj|o;) J 4 

FcArfinitc ^-^ FC A:finite 

iEF ieF 

Therefore {si}i 6 N is an unconditionally convergent right basis for X. 
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We do not know whether the tensor product of two bases is still a basis. But 
for some bases this is true, as the following proposition shows. 

1.7 Proposition Let A and B be cr-unital C*-algebras. Let X and Y be 
countably generated right Hilbert C* -modules over A and B respectively. Let 
<fi : A — > £(Yb) be a * -homomorphism. Then there exist bases {sj}, for X 
and {tj}j for Y such that {si <g> tj}i,j is a basis for the right Hilbert B-module 
X ® A Y. 

Proof We first suppose that X — £ 2 (A). Then, as in the proof of Prop. 1.6, 
we have a basis {wi}^^ for £ 2 (A) with the finite intersection property, where 
Ai = N. We similarly have a basis {tj}je\ 2 f° r Y. 

Set Z = {z £ X (g> A Y; z = Yh=i w i a i ® Vi-> a i £ A,yi £ Y,m = 1,2, ...}. 
Then Z$ is dense in X (&a Y. Using the finite intersection property one can 
show that for any z = Y^tLi w i a i ® Vi € Zq and any e > there exists a finite 
subset F of Ai x A 2 such that for every finite subset F containing F , we have 



In fact, for any i = 1, ...,m there exists a finite subset Gi C Ai such that for 
any j £ G\ we have (wi\wj)A = 0. Put H\ = U™ x Gi . Let n be the cardinality 
of Hi. For k £ Gi there exists a finite set Li^ C A 2 such that for any finite 
subset L of A 2 with Li^ C L we have 



Put H 2 — U™ 1 UfegGi Li,k- Then it suffices to choose F = HiX H 2 By Lemma 
1.2 {wj ® ifc}(j.fc)eAi xA 2 i s basis for X (&a Y. In the general case there exists a 
projection p £ C(£ 2 (A)a) such that X ~ p£ 2 (A). Define Si — puii £ X. Then 
{si <g> tj}ij is a basis for X (g>A Y ~ jrf 2 (A) (gu F. 

In the case where the right Hilbert A-module X is not countably generated, 
unconditionally convergent countable bases will be replaced in the sequel by 
generalized bases, in the following sense. 

1.8 Definition Consider a set A and, for each finite subset (iCA, let be 
a finite subset of X with \u^\ = \fj,\. Let us endow the set of finite subsets of 
A with the partial order defined by inclusion. The net /Lt — ► will be called a 

generalized (right) basis of X if 

(1) for aii x £ x, Y,yzu„( x \y)A(y\x)A < T, v & u A x \yU(y\ x )A, if H C v, 

(2) x = lim„ £ yeit( , v{v\*)a- 

Let A be a set, and ficA^u^cXa net with |tt M | = One can easily 
sec that — > w M is a generalized basis if and only if fi — > T p := £ yeUfi ^ 
an increasing approximate unit of ^(X^) with norm < 1. 

1.9 Proposition Any right (or left) Hilbert C* -module X admits a generalized 
right (or left) basis 
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Proof This is essentially the proof of existence of an approximate unit of a 
C*-algebra with entries in a dense ideal (cf. Prop. 1.7.2 in [Di]). Let A 
be X, and, for each finite subset fi — {x\, . . . ,x n } of A let = {(1/n + 
Qxj.xj)~ 1 ^ 2 Xi, i — 1, • • • , n}. Then the proof of the cited result shows that 
the net T p := J2 y eu„ ®v,y = (Ei ^x j ,x j ){^-/n + J2i Ox^x,)' 1 is increasing, with 
norm < 1 and satisfies J2i — ^)^x i ,x i (7 1 (U — I) < So for i = 1, . . . , n, 

n 

\\(T, I)^\\ 2 < II - Wx^iT, -I)\\< 7-- 



2. BlMODULES OF FINITE INDEX 

In this section we study the notion of C*-bimodules of finite right index. 
We start with a weak notion of finite index, based only on a Pimsncr-Popa- 
type inequality, and we construct the right index element of aXb as a positive 
central element in the enveloping von Neumann algebra A" . Later on we shall 
concentrate on those bimodulcs for which the index element lies in the multiplier 
algebra of A, and we perform, in this case, the analogue of the Jones basic 
construction with nice properties. We also prove that in the case where A is 
unital, the index element belongs to A if and only if X is finitely generated as 
a right £>-module. This result will be stated in a more general form, which 
includes the non unital case. 

2.1 Bimodules of finite right numerical index 

2.1 Definition Let A and B be C*-algebras and X = aXb a bimodule over 
the complex algebras A and B. We say that X is a right Hilbert A-B bimodule 
if 

(1) X, as a right £>-module, is endowed with a -B-valued inner product 
making it into a right Hilbert B-modulc, 

(2) for all a e A, the map </>(a) : x e X ax e X is adjointable, with 
adjoint 4>(a)* = <fr(a*). 

Therefore (f> : a e A — > <p(a) e C(Xb) is a *~homomorphism from A to the 
algebra C(Xb) of right adjointable maps on Xb- The map <p will be referred 
to as the left action of A on X . 

We introduce the notion of left Hilbert A-B bimodule in a similar manner. 
Thus, if X is a left Hilbert A-B bimodule, the map ip : B — > C{aX), ip(b) : x £ 
X xb e X, for all b £ B, and referred to as the right action of B on X, is 
a *-antihomomorphism from B to the algebra C(aX) of left adjointable maps 
on aX. 

Notice that left and right actions on a right (or left) Hilbert bimodule are 
not assumed to be faithful. In the following proposition we give a sufficient 
condition. Recall that a closed ideal J in a C*-algebra B is called essential if 
each nonzero closed ideal of B has a nonzero intersection with J (see 3.12.7 in 
[P])- 

2.2 Proposition Let X be a right pre-Hilbert B-module (resp. left pre-Hilbcrt 
A-module). If the closed linear span in B (resp. A) of inner products (x\v)b 
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(resp. a(z\u)) x,y € X) is an essential ideal of B (resp. A), the equation 
Xb = for some b e B (resp. aX = for some a e A) implies 6 = (resp. 
a = 0). 

Proof Let J denote the closed linear span in B of right inner products. If b e B 
satisfies yb = for all y e X then (x\yb) b — (x\y) b6 = for all x, y £ X, hence 
jb = for all j G J. By Prop. 3.12.8 in [P] the natural injection of J into its 
multiplier algebra M(J) extends to an injection B — ► M(J). Thus reading the 
above equation in M(J), we get j6 = for all j e M(J) and this implies that 
= since M(J) is unital. 

2.3 Definition A A-B bimodule aXb will be called bi-Hilbertian if it is en- 
dowed with a right as well as a left Hilbert A-B C*-bimodule structure in such 
a way that the two Banach space norms arising from the two inner products 
are equivalent. In other words, X is a left Hilbert module over A and a right 
Hilbert module over B such that the left A-action <fi and the right £?-action ip 
are *-preserving maps into the algebras of right adjointable and left adjointablc 
operators, respectively. Furthermore there should exist two constants A, A' > 
such that, for x e X, 

X'\\(x\x) B \\<\\ A (x\x)\\<X\\( X \x) B \\. 

The inequality at the left hand side always extends to finite sums, in the 
sense of the following proposition. 

2.4 Proposition Let aXb be a bi-Hilbertian C*-bimodule, and let A' > 
satisfy A'||(x|x)b|| < |U(a;|a;)||, x e X. Then for all n e N and for all 
x\ , . . . , x n e X we have 

a1|£^JI<I|£a(x 4 M|. 

1 1 

Proof Let T € M n (B) be the positive matrix whose (i, j)-th entry is (xi\xj)s- 
Notice that 

n n 

iiE^j^imNsupii^^^i^^ii 

i i,j=i 

where the supremum is taken over all the n-tuples (b\, . . . , b n ) with elements in 
B such that || ^ . bj*bj\\ = 1. Now the norm at the right hand side coincides 
with the norm of (y\y)s, where y — J2j x i^h therefore 

A\W)b\\ < \\A(y\y)\\ - 11^^(^6,6/1^)11 < H^a^I^II, 

i,j i 

and the proof is now complete. 

On the contrary, there may exist no A > for which || X^ILi A^il^i)!! < 
-X 1 1 Y™ =1 &x x . || for all n e N and all Xi, . . . , x n € X, as the following elementary 
example shows. 
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2.5 Example Let A = B = C and let H — £ 2 (N) be an infinite dimensional 
Hilbert space, regarded as a bi-Hilbertian C-C bimodule in the natural way. 
Let ei,e2,.... be a countable orthonormal subset of H. Then for all n G N, 

IIEHi^eJ =1, while ||E"=ic(ei|ei)|| = n. 

In fact, the existence of such a constant A will lead us to the notion of finite 
right numerical index of X. We anticipate a lemma. 

2.6 Lemma Let aXb be a right Hilbert C* -bimodule, and let x,y G X — > 
A(a;|y) be an A-vaJued, biadditive, left A-linear, right A-antilinear form on X 
such that a(x\u)* = a{u\x) and a{x\x) > for all x,y G X. If this form is 
continuous, in the sense that there is A > such that ||yi(a;|a;)|| < A|| (ar|a;)s || 
for x G X, and if the right B-action is adjointable with respect to this form 
(i.e.A.(xb\y) — A(x\yb*), x,y G X , b G B), there exists a unique additive map F : 
FR(Xb) — > A such that F(9 r x ) = A{x\y). F satisfies the following properties: 

(1) (positivity) F(T*T) > 0, for T G FR(X B ), 

(2) (reality) F(T*) = F(T)*, for T G FR(X B ), 

(3) fA-biJinearityJ F(<j>(a)T) = aF(T), F(T<j)(a)) = F(T)a for a G A, T G 

(4) (Pimsner-Popa inequality) if X is bi-Hilbcrtian and if A' > satisfies 
X'\\(x\x) B \\ < |U(a;|a;)|| for all x G X then \\F(T)\\ > X'\\T\\ for any 
T G FR(X) that can be written as a finite sum of operators of the form 

nr 

u x,x • 

Proof Uniqueness is obvious. Let /i C A — > be a generalized right basis of 
the right Hilbert module Xb, which exists by Proposition 1.9. Consider the 
linear map F^-.TG C(X b ) -» E y e„ M A{Ty\y) G A. Note that 

M0l, z ) - E A(x{z\y) B \y) = a(x\ E v(v\*)b). 

Since lim M ^2 yeu y{y\z)B = z in the norm || (- 1 -)s || 1 ' 2 , and since m(a;|a;)|| < 
A||(a;|x)B||, we also have that lim^^Z^g |z) s = 2 m the seminorm defined 
by the left inner product. Thus lim^ F tl (9 x z ) — a{x\z). Let us define F as the 
pointwisc norm limit of the net fi — > F^ on FR(Xb)- Obviously this limit does 
not depend on the generalized right basis. (1) follows from the fact that any 
element of the form T*T, with T G FR(X), can be written as a finite sum of 
elements of the form 9 r x x . Properties (2) and (3) are easy to check. (4) follows 
from Prop. 2.4. 

The map F will be referred to as the additive extension of the form a(t) *° 
the finite rank operators on Xb- 

Notice that a bimodule satisfying the properties of the previous lemma is al- 
most bi-Hilbertian. The only missing properties are the fact that the seminorm 
coming from the left-linear A-valued form is in fact a norm, and completeness 
of X with respect to this norm. 

2.7 Proposition Let X be a right Hilbert A-B C*-bimodule and let x,y — > 

A{x\y) be an A-valued form on X satisfying the same properties as in the 
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previous lemma (with right seminorm not necessarily a Banach space norm). 
Then following properties are equivalent. 

(1) There exists A > such that for allneN and for all x\, . . . , x n £ X, 

n n 

I|£a(^MI< a I|£^J, 
i i 

(2) there exists A > such that for all n e N and for all Xi,...,x n , 
j/i, ...,y n eX, 

n n 

i i 

(3) F(T) > for any T e FR(X B ) n K{X B )+ and sup p ||^(E ye „„ 0J,„)ll & 
finite for some generalized right basis /j, — > u^, of X B . 

If one of these conditions is satished, the smallest constants for which (1 ) and 
(2) hold, coincide and equal, in turn, sup^ \\F(^2 yeu yy )\\. In particular, the 
latter does not depend on the generalized right basis. 

Proof (1)=> (2) Let fi C A — > be a generalized basis of the right Hilbert 
module Jfe. Consider the linear map F^ : T e C(Xb) — ► E^eu aC^J/Ij/) € A, 
already considered in the proof of Lemma 2.6. We claim that H-F^H < A for any 
/t. We show the claim. For any T € £(Ab), 

II^COH = II £ ^(^2/l2/)ll < II £ ^(Tj/ITjv)!! 1 /^! ^ A (y\y)\\^ 
ye«n i/euf. j/e« M 

by the Cauchy-Schwarz inequality of the left inner product (see, e.g., [B] Prop. 
13.1.3). Now by our assumption the last term is bounded above by 

aii£0WI 1/2 ii£« 1/2 = 
a ii t E^ t *ii 1/2 iiE^ii 1/2 ^ a ii t ii- 

We have already seen that lim p F M (^ z ) = a{x\z). Since, for any x\, . . . ,x n , 

€ -X", ll^(Ei ^ ilZi )ll < A ll Ei the proof is completed taking 

the norm limit at the left hand side. 

(2)=>(3) We know that the linear extension F of the left inner product to the 
finite rank operators on Xb is positive on FR(X) (Lemma 2.6). We first show 
that F is still positive on FR(X) n JC(Xb) + - By (2) F is norm continuous, 
therefore, if T £ FR(X) n JC(Xb) + and if fi — > C X is a generalized basis 
of X, the net T 1 / 2 Ej, e „„ 0r v ,y Tl/2 converges to T in norm, therefore F(T) = 
^E^^tV^tvO e Furthermore for all M , ||F(£ w6U(t 0J, V )|| < 

A|IE, eUf AJ<A. 
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(3)=>(1) Let xi,...,x n be elements of X, and set T = Xa#£ iXi . Let 
/j, — ► be a generalized right basis of X. Since ^2 y i £u y , y , is an approx- 
imate unit of IC(Xb) and since the left inner product is continuous with re- 
spect to the right one, for all /i, the net // — > J2 yeu ^,y'eu , , y >Ty\y) con- 
verges to ~^2 y€u A{Ty\y) in norm. On the other hand this net coincides with 
F((E y >eu^, ^',»') r (£„ e „ M %,,„))■ The form S,T G FR(X B ) -+ F(ST*) is left 
A-linear, right yl-antilincar, symmetric and positive and therefore it satisfies 
the Cauchy-Schwarz inequality ||F(ST*)|| 2 < ||F(SS*)||||F(TT*)||. It follows 
that 

\m E <wmE^))ii 2 < 
p((E ^..ornE ^,»o)inm(E«i.y) a )ii- 

Now 

( e ^„')tt*( e ^) < imi 2 ( E «w 

and (Ej,e U)J er y,y) 2 < (E ye „ M ^.j,)) so, applying F, we deduce that the above 
term is bounded above by ||T|| 2 Ao 2 where Ao = sup M \\F(J2 yeUfl 6 y , y )\\- Passing 
first to the limit over // and then over fj, we deduce that (1) holds with A = A . 

It is now clear from the proof that if one of these three equivalent conditions 
holds, the best constants satisfying (1) and (2) coincide, an coincide in turn 
with sup J^(£, e „^ >y )||. 

2.8 Definition A C*-bimodule satisfying one of the equivalent properties de- 
scribed in the previous proposition will be called of finite right numerical index. 
The corresponding smallest positive constant will be called the right numerical 
index of X, and denoted r — I[X]. 

Let X be an A—B bimodule. The contragradient bimodule of X is the B-A 
bimodule X = {x; x G X} with complex conjugate vector space structure and 
bimodule structure given by 

b-x = xb* 7 x-a~a*x, b£B,a£A. 

If A" is a right (left) Hilbert A-B C*-bimodule, X becomes a left (right) Hilbcrt 
B-A C*-bimodulc with inner product given by: 

b{x\v) = (x\y) B 

{{x\v)a = a{x\ V ).) 
Therefore if a^-b is bi-Hilbertian, bXa is bi-Hilbertian as well. 

2.9 Definition We will say that a^b is of finite left numerical index if the con- 
tragradient bimodule bXa is of finite right numerical index. Its left numerical 
index is defined by £ - I[X] := r - I\X}. 



HILBERT C*-BIMODULES 



15 



A bi-Hilbertian bimodule of finite left and right numerical indices will be 
simply called of finite numerical index. Its numerical index is defined by I[X] := 
(r-I[X])(e-I[X}). 

2.10 Corollary Let aXb be a bi-Hilbcrtian C*-bimodulc, and, for neN, let 
us consider Y n := ®™X as a M n (A)-B bimodule in the natural way. Endow 
Y n with the following forms: Mn (A){x\y) = ( A (xi\yj)), (x\y) B = £™ (^ib^s, 
where x = (x 1 ,...,x n ), y= (y 1 ,...,y n ). 

(1) If for some A > 0, ||a(x|x)|| < A||(x|x)b|| then also \\ M (a)(x\x)\\ < 
M\(x\x) B \\. 

(2) If X is of finite right numerical index, Y n becomes a C* -bimodule of 
finite right numerical index and r — I[Y n ) = r — I[X] for all n e N. 

(3) If X is of finite numerical index, Y n is bi-Hilbertian and of finite left nu- 
merical index (and hence of finite numerical index, by (1)): \ \ (x|x) s || < 
I- I[X] || Mn (A)(x\x) || and£-I[X] =l-I[Y n ], for allneN. 

Remark Notice that the constants comparing the two norms on Y n do not 
depend on n. 

Proof (1) It is easy to check that Y n is a right Hilbert C*-bimodule. Now 
\\M n{ A)(x\x)\\ = HEiCJI and ||(x|x) s || = || Ei (xi\xi) B \\. Therefore if for 
some A > 0, ||a(x|x)|| < A||(x|x)b|| then also ||m„(A)(z|z)|| < A||(x|x)s|| by 
Prop. 2.4 applied to the contragradient bimodule. The remaining properties of 
the left M n (A)-valued form are easily checked. 

(2) There is a natural identification of FR(Y n ) with M„(C) ® FR(X) taking 
9 r x y to the matrix {0 r x . y .). Under this identification, the map F n : FR(Y n ) — > 

M n (A) obtained extending additivcly the left form of Y n identifies with ic?M„ <S> 
F, where F is the additive extension of the left form of X. Notice that FR(Y n )P\ 
JC(Y n )+ identifies with (M n ®FR(X))f\(M n ®K,(X))+ , soifT = (T itj ) e (M„<g> 
FR{X))n{M n ®K{X))+, EijaSFiTi^aj = ^(a^T^a,)) e A+ 

for all ai, . . . , a n € A. Hence F n takes positive values on FR(Y n ) n K.(Y n ) + . 
If now u, — > be a generalized basis oi X, p! = (j, ® ■ ■ ■ ® fi — > v! ^ — 
{(y, 0, . . . , 0), . . . (0, . . . , y), y € u^} is a generalized basis of Y n with correspond- 
ing approximate unit of JC(Y n ) given by the diagonal matrix of £ ygu @y,y 
Therefore the norm of the evaluation of F n over this diagonal matrix coincides 
with || J2 V £u A(y\y)\\, and this concludes the proof of (2). 

(3) Since \\ Mn(A) (x\x)\\ = || Ei ^,*J and M^bW = II ££0*1*0*11, ^ ^ 
is of finite left numerical index, ||(x|x)s|| < (I — /[^])||m„(A)(x|x)||, therefore, 
taking into account (1), Y n is bi-Hilbcrtian. The compacts on Y n with respect 
to the left inner product identify with K.(aX) via B l — > E™ Q l Xh ,y h ■ This shows 
that 

(i - i\x])\\ £ e l ^,A = (£- i[x])\\ E ^yjl ^ 
IIE(4K)b|| = IIE(^I^H 

j,k j 

so Y n has finite left numerical index and I — I[Y n ] = I — I[X]. 
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The following result is the first step towards the Jones basic construction. 

2.11 Corollary If X is a bi-Hilbcrtian A-B C* -bimodule of finite right numeri- 
cal index, the additive extension F of the left inner product to FR(X B ) extends 
uniquely to a norm continuous map F : K(X B ) — > A. One has: \\F\\ = r — I[X). 
This extension, still denoted by F, is positive, A-bilinear (in the sense that 
F((j)(a)T) = aF(T) and F{T(j>{a)) = F(T)a for a £ A, T £ K,(X B )) and has 
range contained in the closed ideal of left inner products. Moreover one has 
4>{F{T)) > X'T for all T £ JC(X B )+, where X' is the best constant for which 
X'\\(x\x) B \\<\\ A (x\x)\\. 

Proof The only assertion that is not obvious yet is the inequality (j)(F(T)) > X'T 
for T £ K,{X B )+. Now part (4) in Prop. 2.6 implies that \\F{T)\\ > A'||T|| for 
T £ K.(X B ) + ■ Left A-action is faithful on the norm closed ideal J generated by 
left inner products: <j>{j) = for some j £ J + implies = A{x\jy) = A{x\y)j 
for x,y £ X and therefore j = 0. Since F(T) £ J for all T £ JC(X B ), (f> is 
isometric on J, therefore for all T e 1C(X B ) + , ||</>(F(T))|| = ||F(T)|| > A'||T||. 
Arguing as in [FK] , with the map <j) o F in place of a conditional expectation, 
we deduce the desired inequality. 

Pimsner-Popa conditional expectations provide typical examples of bimod- 
ules of finite right numerical index. 

2.12 Proposition Let A C B be an inclusion of C*-algebras and let E : 
B — > A be a conditional expectation with fixed point set A. Assume that 
11-^(^)11 > ^II^IIj f° r a ^ positive elements b € B and for some A > 0. 

(1) Consider b Xa = B as a B-A bimodule in the natural way, and with 
inner products (x\u)a — E(x*y), B (x\y) = xy* . Since ||(ar|ar),4|| < 
||s(a;|x)|| < A _1 ||(a;|a;)A||, X is bi-Hilbcrtian. By [FK], there is a con- 
stant A' > such that E — A' is completely positive. Let us choose the 
best such A'. Then X has finite right numerical index and r — I[X] = 
A'" 1 . 

(2) Consider now aYb = B asaA—B bimodule with inner products (x\y) B =| 
x*y and A{x\y) = E(xy*). Then the B-A antilinear map X — > Y in- 
duced by the * -involution of B identifies Y with the contragradient X 
of X. Therefore X is of hnite left numerical index and I — Ind[X] = 1. 

Proof (1) For all n £ N, and all x\, . . . , x n £ X, 

n 

A'-'llXXxJI =X~ 1 \\(E(x i *x j )) i , j \\ Mn{ A) > 
1 

n 

\\{Xi*Xj) it j\\ Mn{ B) = \\^B{Xi\Xi)\\, 
1 

i.e. AT is of finite right numerical index in our sense andr-7[X] < A' . On 
the other hand, let [i — > be a generalized basis of X A , and set, for every // 
and every x £ X, x^ := J2 y eu„ V E iv* x )- Tnen 

< ii E yy*w E E(x* y )E( y x*) - 
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e(x*x^\\ ]T yy*\\ < || ]T yy*\\E(x*x^). 

Taking the limit over /x, we are led to the inequality r — I[X] > A -1 . Consider 
now the inclusion M n 0ic M n ® i? and the conditional expectation £"„ := 
id <g> £, which satisfies £„(&) > A'6, B e M n (B)+ . Cor. 2.10 shows that 
is a M n (i3)-A bimodule with the same right index as B, hence, combining with 
the above argument, we deduce that r — I[X] > A' -1 . 
The proof of part (2) is easy, therefore we omit it. 

Remark If bXa and aXb arise from a Pimsner-Popa conditional expectation 
E, as the previous proposition, the corresponding map Fy constructed in Cor. 
2.11 reduces to E itself. More interestingly, Fx ■ JC(Xa) — > B is related to the 
construction of the dual conditional expectation. However, if the index of E, as 
an element of Z(B") (cf Dcf. 2.17), docs not belong to the multiplier algebra 
of B, Fx is not a multiple of a conditional expectation. 

2.2 Tensoring bi-Hilbertian C* bimodules 

In this subsection we analyze the behaviour of bi-Hilbertian bimodules under 
taking their tensor products. We show that the algebraic tensor product X(3bY 
of bi-Hilbertian C*-bimodules can be made into a bi-Hilbcrtian bimodule in a 
natural way if X is of finite right numerical index and Y is of finite left numerical 
index, and that this is also a necessary condition in general. 

The problem of studying conditions under which X ®bY is of finite index 
will be considered in section 5 (cf. Theorem 5.2). 

Let aXb and bYc be bi-Hilbertian C*-bimodules. Then the algebraic tensor 
product X Qb Y is an A-C bimodule in a natural way, also endowed with a 
right and a left pre-bi-Hilbertian structure: 

{xi ®yi\x 2 ®V2)c = (yi\(xi\x 2 )By2)c, 

a(xi ® yi\x 2 ® 2/2) = A(xiB(yi\y2)\x 2 )- 

Therefore XQbY can be made into a right Hilbert C-module X® r B Y complet- 
ing with respect to the first inner product and also into a left Hilbert ^4-module 
X (g)^ Y completing with respect to the second inner product (always after di- 
viding out by vectors of seminorm zero) . 

Under which conditions these two seminorms are equivalent on the algebraic 
tensor product X QbYI 

Choosing for Y the strong Morita equivalence b^ {B)k.®b with inner prod- 
ucts B {k\y_) = Ejbjb'j*, {b\V_)K®B = Ekj ® bi*b'j, X (g> r B £ 2 (B) identi- 
fies with £ 2 (X) with inner products a{x\x[) — A(xj\x' j), (^|^.)a:<8>s = 
J2$i,j ® (xi\x'j)B- Therefore the left and right seminorms on X Qb £ 2 (B) 
are equivalent if and only if X is of finite right numerical index. Similarly, the 
left and right seminorms on £ 2 (B) QbY, with £ 2 (B) the inverse strong Morita 
equivalence, are equivalent if and only if Y is of finite left numerical index. We 
show that these necessary conditions on X and Y are also sufficient. 

2.13 Proposition Let aXb &nd bYq be bi-Hilbertian C* -bimodules. Assume 
that X is of finite right numerical index and that Y is of hnite left numerical 



18 



T. KAJIWARA, C. PINZARI, Y. WATATANI 



index. Let Fx ■ JC(Xb) — » A, Fy : K(Y b) — » C be the corresponding maps 
constructed in Cor. 2.11. Then 

(1) the two seminorms arising from the left and right inner products on 
X Qb Y as above are equivalent. Therefore X Q r B Y = X Q B Y{=: 
X ®b Y) and it is a bi-Hilbertian A-C bimodule. 

(2) Consider JC(Yb,Xb) as a A-C bimodule with left and right inner prod- 
ucts A (T\S) = F X (TS*) and (T\S) C = F Y {T*S). Then IC{Y B ,X B ) 
is complete in any of the induced norms, and becomes in this way a 
bi-Hilbcrtian C* -bimodule. 

(3) The map xQy£XQY^> 9 X y e JC(Yb, Xb) extends to a bijective 
A-C bimodule map U : aXb Qb bYa — * 1C(Y B ,X B ) preserving the left 
and right inner products. 

Proof Consider X and Y as right Hilbert £>-modules, and define the map U : 
X Qb Y ^ FR(Y,X) associating 9 r x ^ to the simple tensor x <g> y. U is a well 
defined A-C-bimodule map. For any X\,X2 € X, y\,y2 G Y, we have 

(xt <g) yt\x 2 ® y2)c = {yi\(xi\x 2 ) B y2)c = c(m\y2(x2\xi) B ) 

and 

= c(m{xi\x 2 )B\y2) = c{yi\m(x2\xi) B )- 

Similarly we have 

a(xi ® yi\x 2 <2> y 2 ) = A(0 r Xim \6 r X2 ^). 

Since, when X and Y are bi-Hilbertian, Fx and Fy are faithful maps (see Cor. 
2.11), the two seminorms have the same vectors of length zero (therefore U is an 
injective map). Furthermore the two norms ||F F (T*T)|| 1 / 2 and WFxiTT*)^/ 2 
on JC(Y b, Xb) are both equivalent to the operator norm, still by Cor. 2.11, and 
therefore they are equivalent. We have thus shown that X® r B Y and X® l B Y are 
isomorphic as Banach spaces. It is now straightforward to check that right and 
left actions are adjointable, and therefore X Qb Y is bi-Hilbertian. Since U is a 
bijective map which preserves both inner products, it extends to a bijective A-C 
bimodule map U : X Qb Y — > JC{Y b,X b ) still preserving the inner products, 
and the proof is now complete. 

2.3 Nondegeneracy of the left action 

The following nondegeneracy property will be relevant for our purposes. 

2.14 Definition The left action <f> of a C*-algebra A on a right Hilbert C*- 
module Xb will be called nondegenerate if AX is total in X. 

We recall the following characterization of nondegeneracy, due essentially to 
Vallin [V], see also Prop. 2.5 in [L]. 
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2.15 Proposition Let A and B be C*-algebras and X a right Hilbert B— 
module. For a * -homomorphism <fi : A — > C{Xb) the following conditions are 
equivalent. 

(1) <f) is nondegenerate, 

(2) <j> is the restriction to A of a unital * -homomorphism <f> ■ M(A) — ► 
C{Xb), strictly continuous on the unit ball, 

(3) for some approximate unit (u a ) a of A, (<f>(u a )) a converges strictly to 
the identity map on X. 

Note that if <fi is nondegenerate, (3) must hold for all approximate units of A. 
We show that the left action of a bi-Hilbertian C*-bimodule is automatically 
nondegenerate. 

2.16 Proposition Let aX b be a bi-Hilbertian A-B C*-bimodule. Then the 
left (right) action of A (B) on the underlying right Hilbert C* -module X is 
nondegenerate. 

Proof If {u a } is an approximate unit of the closed ideal of A generated by the 
left inner products, u a x converges to x for all x e X, in the norm arising from 
the left inner product. Therefore AX is total in X with respect to the norm 
defined by the left inner product. Since the two norms on X defined by the 
right and left inner product are equivalent, we also have that AX is total with 
respect to the norm arising from the right inner product. 

2.4 The index element and the Jones basic construction 

If X is bi-Hilbertian and of finite right numerical index, one can extend the 
maps 4> : A —* C(X B ), F : 1C(X B ) —> A uniquely to normal positive maps 
<j>" : A" -> JC(X B )", F" : JC(X B )" -» A" between the corresponding enveloping 
von Neumann algebras. Since </> is nondegenerate, and the inclusion M(A) C A" 
is unital, <fr" is unital homomorphism. The same does not hold for F": F"(I) 
is, in general, neither the identity, nor invertible. 

2.17 Definition If aX b is of finite right numerical index, the right index 
element of aX b , denoted, r — Ind[X] is the element F"(I) of A" . 

If in particular b Xa is the bimodule arising from a conditional expectation 
E : B — > A as in Prop. 2.12, the corresponding right index element will 
be denoted by Ind[.E]. (We will give in Cor. 4.9 an alternative definition of 
Ind [£;].) 

If aX b is of finite left numerical index, the left index clement of X is, of 
course, I — Ind[X] := r — Ind[X]. 

Notice that the numerical indices and the index elements are related by 

||r-Ind[X]|| = r-I[X], 

\\£-lnd[X]\\=e-I[X]. 

If one of r — Ind[X] and I — Ind[X] is a scalar, or if A = B, the index element 
of X is Ind[X] := (V - hid[X])(£ - Ind[X]). 

Our next aim is to define an index element Ind[X] in the general case. We 
notice that for c e Z(B), the map ip(c) : x e X — > xc e X has the map 
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x G X — > xc* G -X" as an adjoint with respect to the right inner product of 
X. Furthermore ip(c) commutes obviously with all the alements of C(Xb), 
therefore ip(Z(B)) C Z(£(X B ))- On the other hand it is not difficult to see 
that ip(Z(B)) = Z(£(Xb))- We need to consider an extension of this right 
action of Z(B) on X to the centre of B". Therefore we anticipate the following 
lemma. 

2.18 Lemma Let X be a right Hilbcrt B-module, and let ip ■ Z(B) — ► 
Z(C(Xb)) denote the right action of Z(B) on X. Then there is a canonical ex- 
tension ofip to a unital surjective * -homomorphism tpQ : Z(B") — ► Z(JC(Xb)") 
with ker ipo = (l-q)Z(B"), where q the central projection ofB" corresponding 
to the weak closure in B" of the ideal generated by right inner products. 

Proof Let n denote a Hilbert space representation of B on H„. Consider the 
Stincspring induced representation fr of JC(Xb) on the Hilbcrt space K n := 
Xb ®b Hit, defined by T — > T ® 1^. Since B and JC{X B ) are strongly Morita 
equivalent, it is well known that the map n — > tt is a bijective correspondence 
between representations of B and representations of K,{Xb)- Therefore the rep- 
resentation p = © T 7r" : K{Xb)" — > C{® V K V ) is faithful and normal. It follows 
that p(JC(X B )") = p(K(X B ))". On the other hand Z(B") acts on each K n , 
and therefore on their direct sum, by ip' : c G Z(B") — > 1\ ® """(c) G ^K^). 
Clearly, V'o( c ) *= p{^{Xb))' ■ If A is a bounded operator on ®^K„ commuting 
elementwise with tt{K{Xb)) then A(x(u\z)b ®£) = ^^^le.fl.^t 2 "X 1 f° r an 
i,i/,zel,(6 ffjr, 7T G Rcp(£>). Choosing an approximate unit of the closed 
ideal of right inner products of B constituted by finite sums of elements of the 
form (y\y)B, we see that A is of the form lx ® a, with a G C(® n H n ). Ap- 
proximating now 7r"(c) strongly with a norm bounded net in n(B), shows that 
T and V'o(c) commute. Therefore ip' (Z(B")) C Z(p(/C(X B )")). Notice that, 
ip' (c) = if and only if each 7r"(c) annihilates the subspace qH n , or, equiva- 
lent^ n"{cq) = for all tt, i.e. c<? = 0. On the other hand if A G Z{p{K,{X B )")) 
and we write A = lx <£> a, a one moment thought shows that a G Z(B"). The 
* -homomorphism t/> := p _1 i// is then the desired extension of ^/>. 

2.19 Proposition Let A" be of finite right numerical index. Then for any- 
generalized right basis p — > of X", the net /x — ► ^2 yeUfi A(y\y) is increasing 
and it converges strongly in A" to r—Ind[X] . This limit is therefore independent 
on the choice of the basis, and belongs to the centre of A" . If in addition X 
is bi-Hilbertian one has \r — Ind[X] > p where p is the support projection of 
r—Ind[X] in A", and A is the best constant for which A|| a (x\ x) || > ||(x|x)b||, x G 
X. Furthermore, if I denotes the weak closure in A" of the span of left inner 
products A(x\y), x, y G X, one has 

(1) ker<jy" = (I — p)A" , 

(2) 1 = P A", 

(3) the range of F" : K(X)" -» A" is pA" , 

(4) if z' denotes the inverse of r - Ind[X] in pA" , and E" := z'F" : 
JC(X B )" -» pA". Then 4>" o E" : JC(X B )" -» 4>"{A") is a conditional 
expectation with range <f>"(A") satisfying 



\(f>"(r - Ind[X]E"{T)) > T, T G JC{X B ) 
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Proof The strong limit z defined as in the statement is independent of the 
generalized basis since it coincides with F"(I). Since F" is still A-bilincar, 
F(<j>(a)) = F"(I)a = aF"(I) for all a e A, which shows that F"(I) lies in the 
centre of A". Let us assume X bi-Hilbertian, and let A be as in the statement. 
The estimate 

||T|| < A||F"(T)|| < r - I[X]\\T\\, T e 1C(X)" + , 

still holds, therefore if T = <p"(a), with a e A" + , 

\\r(a)\\<X\\za\\<r-I[X]\\r(a)\\. 

If we consider the restriction <f> of <f)" to the centre of A", we deduce that 
kcr </> coincides with the weakly closed ideal generated by I — p. Therefore for 
a positive central element a of A" , ||0o(a)|| = \\po\\ < A||za||. Let us identify the 
centre of A" with some L°°(Q, v). We claim that for every e > 0, the function 
z — (A -1 — e)p can not take negative values on a measurable subset of pQ with 
positive measure. Indeed, if Y C O where such a set, we would have, for some 
e < A" 1 , 

A- 1 -c=(A- 1 -e)||^||>||^y||> 

a-'IKfII = A" 1 , 

where £y is the characteristic function of Y. Therefore z > X~ 1 p. Now if 
a e A", <j)"{a) = if and only if <j)"{aa*) = and this holds if and only 
if paa* — 0, i.e. pa — 0, so ker <p" = (I — p)A", and (1) is proved. Let 
1 be the waekly closed ideal of A" defined as in the statement. Since the 
range of F" is contained in X and since F" (</>"(/)) = z, p must belong to X, 
and therefore pA" C X. Conversely, there exists an increasing, norm bounded 
net a — > J2w£a a{w\ w )i indexed by the set of finite subsets of X, which is a 
bounded approximate unit of the norm closed ideal generated by the left inner 
products. Its weak limit, say q, is the unit of X. By Proposition 2.4 the net 

a -» T, w e a 9 w,w is norm bounded. We have Y, wea < t>( a ) e w^ ( t > ( a )* < X <t>{aa*) 
for some A > and for all a e A. Applying F we obtain 

aA{w\w)a* < X aza* . 

Thus \ ) ~ 1 aqa* < aza* . It follows that Aq 1 q < z, hence q < p. Therefore 
X C pA", and the proof of (2) is complete. (3) We are left to show that pA" 
is contained in the range of F" . Let z' be the inverse of r — Ind[X] in pA". 
For a e A", F" '{<j>" \z' 'a)) = r - \nd[X]z'a = pa. (4) It is now clear that 
4>"E" is a conditional expectation with range <j>"(pA") = <f>"(A). (5) Since 
A||F"(T)|| > ||T|| for T positive is JC(X B )" and since <f>" is isometric on X, 
and therefore on the range of F", we see that \\\<f/'(r - lnd[X]E" (T))\\ = 
XU"F"(T)\\ = A||F"(T)|| > ||T||. Therefore A0"(r - lnd[X]E" (T)) > T (cf. 
[FK]). 

2.20 Corollary Let aXb be a bi-Hilbertian C* -bimodule of finite right nu- 
merical index. Then the following properties are equivalent. 

(1) r — Ind[X] is invertiblc, 

(2) (j)" is faithful, 

(3) the linear span of the left inner products is weakly dense in A". 



22 



T. KAJIWARA, C. PINZARI, Y. WATATANI 



Remark Notice that if bXa is the bimodulc arising from a Pimsner-Popa con- 
ditional expectation, as in Prop. 2.12, r — lnd[X] = lnd[E] must be invertible 
since the left inner product is full. 

2.21 Definition Notice that <j>"(r -lnd[X}) is invertible in Z(<p(A)' n K(X B )") 
and ipo(£ — Ind[X]) is invertible in Z{K.(Xb)")- Therefore we define the index 
element of X as an element of JC(Xb)" ', in fact central in (t>(A)' n IC(Xb)", by 
Ind[X] :=ip (e- kid[X])<f>"(r - Ind[X]). 

2.5 On the condition r — Ind[X] e M(A) and existence of finite bases 

Under which conditions the index element lies in M(A)7 We first discuss this 
question in the case where A is commutative, and derive a general criterion 
afterwards. 

Let A = Co(O) be a commutative C*-algebra, and let aXb be a bi-Hilbertian 
C*-bimodulc with finite right numerical index. We have seen in Prop. 2.12 that 
such bimodules arise, e.g., from conditional expectations E : A — > B satisfying 
a Pimsner-Popa inequality. The right index element, r — Ind[X], lies in the 
commutative von Neumann algebra A" . However, being the strong limit in 
the universal representation of A of a net of continuous, vanishing at infinity, 
functions over ft, r — Ind[X] is the class function of a bounded, positive, lower 
semicontinuous function on f2. By Dini's theorem, r — Ind[X] is continuos 
(or, in other words, lies in the multiplier algebra M(A)) if and only if the 
approximating net is uniformly convergent on compact subsets of Q, that is, if 
and only if this net is strictly convergent in M(A). 

The key idea, in the case where A is not commutative, is to replace the spec- 
trum of A with the quasi-state space Q of A. By Kadison's function representa- 
tion theorem (see, e.g., [P]), the real Banach space ^4 sa identifies isometrically 
with the real Banach space of continuous, vanishing at 0, affine functions on 
Q. Now an analysis similar to the commutative situation leads to the following 
characterization of the property r — Ind[X] e M(A). 

2.22 Theorem Let aXb be a bi-Hilbertian C* -bimodule of finite right nu- 
merical index. Then the following properties are equivalent: 

(1) r - Ind[X] e M(A) (and hence it is a central element of M(A) ), 

(2) there is a generalized right basis /j, — > C X of X such that the net 
M J2 y eu„ A(y\y) is strictly convergent in A, 

(3) for any generalized right basis u. — > u M C X of X the net \x — > J2y£u„ A{y\y) 
is strictly convergent in A, 

(4) the range <fi(A) of the left action is included in IC(Xb)- 

If one of these conditions is satisfied, r — Ind[X] = lim M ^2 yGu a{v\v) in the 
strict topology of A. 

Proof (3)=>(2) is obvious. (4)=>(3) Let fi — > be a generalized basis of X. 
Then ^2 yeU)i A{y\y) converges strictly if and only if for all a e A, 



a A (y\y) = £ A(<f>(a)y\y) = F(cj>(a) £ 6 VtV ) 
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converges in norm. Therefore if (4) holds, convergence of the above net follows 
from norm continuity of F and the fact that ^2 yeu y y is an approximate unit 
of K{X B ). (2)=K4) By Cor. 2.11, for any T zK.(x B )+, X\\T\\ < \\F(T)\\, 
where A is the best positive constant for which A||(x|x)s|| < ||a(x|x)||. If now 
(2) holds for some generalized basis /i — > C A, <f>(a)* J2 y eu A{y\y)4>{ a ) = 
F(<p(a)* eu 9y y )4>{a)) is an increasing, norm converging net, and therefore 
the net (j>(a)*(j2 yeu Oy.y)^ ) is increasing and norm converging in K.(X B ). It 
follows that (j>{a*a) G KL(X B ) for all a £ A. (2) =^> (1) is obvious, since r— Ind[A] 
is the strict limit of a strictly convergent net. (1)=> (3) By Kadison's function 
representation (see, e.g., [P] the selfadjoint part of A" identifies isometrically, 
as a real Banach space, with the real Banach space B^(Q) of affine, bounded 
functions on the quasi-state space Q of A vanishing in 0. Under this identifi- 
cation, the selfadjoint elements of A correspond to the continuous functions. If 
r - Ind(A) £ M{A), for all a G A, a*({r - Ind[A]) - J2 yeu ^ A (y\y))a G A. On 
the other hand the net (r — Ind[A]) — J2 yeU/j A (y\y) decreases weakly to in 
A", therefore for any <f> G Q, 

0(a*((r-Ind[X])- £ A (y\y))a) 

decreases to 0. By Dini's theorem, this net converges uniformly to on Q, and 
therefore \\{r-1iid[X]-^2 A {y\y)) 1/2 a\\ 2 -» 0, which implies ||(r-Indpf] - 

J2 y eu„ A{y\y))a\\ 2 -» as the net E y e UfJ A(y\y) is norm bounded. 

Assume now that one of these equivalent properties holds, and let z := 
'' m c Et/eu a{v\v) G M(A) for some generalized right basis fi — > u M of X. 
Since, for all a G A, za = F((j)(a)), z is independent of the choice of the basis. 

2.23 Definition A bi-Hilbcrtian C*-bimodule X will be called of finite 
right index if 

(1) A is of finite right numerical index, 

(2) r - Ind[A] G M(A) (and hence r - Ind[A] G Z(M(A))). 

Remark Notice that property (2) above can be replaced by any of the equivalent 
conditions in Theorem 2.22. 

Similarly, A is of finite left index if the contragradient bimodule B X A is of 
finite right index. 

A X B will be called of finite index if it is of finite right as well as left indices. 
We study the special case where the C*-algebras are a-unital or unital. 

2.24 Corollary Let A X B be a bi-Hilbertian C* -bimodule of Unite right index. 

(1) If A is a-unital, X is countably generated as a right Hilbert module, 

(2) if A and B are a-unital, X B admits an unconditionally convergent 
countable right basis {iii}^, therefore 

r - Ind[X] = y^ jA (ui\uj) 

in the strict topology of A and F(T) = X^gn A {Tui\ui), T G JC(X B ) in 
norm. 
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Proof (I) Let (itj)j S N be a countable approximate unit of A. By nondegcneracy 
of the left action, and the fact that the left action has range in JC(Xb), 4>{ui) € 
K(Xb) is a countable approximate unit for JC(Xb), so JC(Xb) is cr-unital and 
this shows that X is countably generated as a right Hilbert S-module (see, 
e.g., [B]). (2) If in addition B is cr-unital, Xb admits a countable right basis by 
Lemma 1.6, therefore the formulas for r — Ind [X] and for F follow. 

2.25 Corollary Let aXb be a bi-Hilbertian bimodule of finite right numerical 
index, and let A be a unital C* -algebra. The following are equivalent: 

(1) X admits a finite right basis, 

(2) r - Ind[X] e A. 

Proof (1)=> (2) follows from the definition of r — IndLY]. Conversely, assume 
that (2) holds. By nondcgcnereracy of the left action, (f)(1) must be the identity 
map on X. Since, by Theorem 2.22, the range of <f> is included in the compacts, 
I € JC(Xb), so Xb admits a finite basis. 

2.26 Corollary Let aXb be a bi-Hilbertian C* -bimodule with finite right 
numerical index. If A is simple then r — Ind[X] is a scalar, and therefore X is 
of finite right index. 

Proof Since A is a simple C*-algebra, the only positive elements of Z(A") 
arising as strong limits of increasing nets in A must be scalar (see, e.g., Lemma 
3.1 in [I]), so r — IndLY] is a scalar, and therefore it belongs to M(A). 

The following result has been obtained by Izumi [I] in the case where B is a 
simple C*-algebra. 

2.27 Corollary Let A C B be an inclusion of unital C*-algebras, and let 
E : B — ► A be a conditional expectation satisfying a Pimsner-Popa inequality. 
Then E admits a Bnite quasi-basis in the sense of [W] if and only if Ind[E] <G B. 

2.6 The Jones basic construction 

2.28 Proposition Let aXb be a bi-Hilbertian C* -bimodule of finite right 
index. Then 

(1) the map F : JC(Xb) — > A extends uniquely to a strictly continuous map 
F : C(X B ) -» M(A). One has F(I) = r - Ind[X], \\F\\ =r- I[X\. F 
is still positive, M (A) -bilinear and satisfies 

X'T<$F(T), TeC(X B ) + , 

where A' is the best constant for which X'\\(x\x)b\\ < ||a(^|^)||> % € X, 

(2) the support projection p of r — Ind[X] in A" lies in fact the centre of 
M(A) and satisfies r - Ind[X] > X'p, 

(3) kcr <f>=(I- p)A, kcr $ = (I - p)M(A), 

(4) the norm closed subspace of A generated by the left inner products 
coincides with pA, 

(5) the range of F : JC(X B ) -» A is pA. 
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Proof (1) Let us restrict the map F" : JC(Xb)" —> A" to a positive map F : 
C(X B ) -» A". If T G £(X B ), and a G A, both 0(a)T and l>(a) lie in /C(X S ), 
hence aF(T) = F{4>{a)T) G A, F(T)a = F(T<f>(a)) G A. Therefore F(T) G 
M(j4). F is clearly a strictly continuous extension of F, and it is uniquely 
determined by this property. In particular, F(I) = r — Ind [X]. The remaining 
properties follow from the corresponding properties of F" . (2) Let us restrict 
F to the image under <j> of the centre of M{A). One has F{<f>{a)) = r — IndLY]a 
for all a G Z(M(A)). By the inequality in (1), 

ker $ \ z{ m(A))= {a G Z(M(A)) : a(r - Ind[X]) = 0}. 

In particular, regarding Z(M(A)) as the algebra of continuous function over its 
spectrum, for all a G Z(M(A)), the norm of 0(a) coincides with the norm of 
the restriction of a on the support K of r — Ind [AT]. If £ is an element of the 
spectrum of Z(M(A)) such that (r — IndLY])(£) ^ 0, and e > 0, we can find 
an open set U containing £ such that (r — Ind[X])(£') < (r — Ind[X])(£) + e 
for all £' G U. Let a be a continuous function on the spectrum of Z(M(A)) 
with support in U, such that < a < 1 and taking value 1 on a compact set 
containing £. We then have 

(r - Ind[X])(0 + e > ||r - lnd[X]a\\ > X'U(a)\\ = X'\\a \ K \\ = A', 

so 

r-IndLY](0 > A'. 

Therefore the support of r — Ind[X] is an open and closed subset of the spec- 
trum of Z(M(A)), which implies that its characteristic function p belongs to 
Z(M(A)), and r - IndLY] > X'p. (3) ker = ker cj>" n A = (I - p)A" n A = 
(I - p)A by Prop. 2.19. Smilarly, ker = (I - p)M(A). (4) Let J be the 
norm closed subspace generated by the left inner products, with weak closure 
1 in A". We have J C 1 n A = pA" C\ A = pA. Let z' be the inverse of 
p(r - lnd[X\) in pZ(M(A)) regarded as an clement of Z(M(A)). Then for all 
a G A, pa = r — lnd[X]z'a = F((j)(z'aj) G J since the range of F is contained 
in J . Thus pA = J . The last property is now clear. 

2.29 Corollary If X is a bi-Hilbertian A-B C* -bimodule of finite right index, 
the following properties are equivalent. 

(1) The left inner product is full, 

(2) r — Ind [X] is invertiblc, 

(3) 4> is faithful. 

We next construct the analogue of the Jones basic construction in the C*- 
algebra setting. 

2.30 Corollary Let aXb be a bi-Hilbertian C* -bimodule of Gnitc right index. 
Consider the positive A-bilinear map E : T G JC{X B ) — » z'F(T) G pA, with 
z' the inverse of (r - Ind[X])p in pZ(M(A)). Then <j>E : K{X B ) -> 4>{A) is a 
conditional expectation with range (j){A) which satisfies 



X(j)(r - Ind[X]E(T)) > T, T G /C(X B ) + 
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where A is the best constant for which A|| J 4(x|x)|| > ||(x|x)b||. 

Proof <j>E is clearly a positive, <fi(A)-bi\me&r map with range 4>{pA) = 4>(A). 
For all nei, <j>E(<f>(d)) = (p(z'za) = <j>(pa) = <p(a) by (3) of Prop. 2.28, hence 
4>E is a conditional expectation. The remaining inequality follows from Cor. 
2.11 and^)o_F = <j>{ r - lnd[X])4> o E. 

2.7 Examples 

We conclude this section with few examples of finite index bimodules already 
known in the literature. More examples will be discussed in section 6. 

The first example arises from compact quantum groups, or, equivalcntly, 
conjugation in finite dimensional Hilbert spaces, [Wo], where the bi-Hilbertian 
structure is usually described in terms of antilinear invertible mappings between 
Hilbert spaces implementing the conjugation structure. 

2.31 Example Let H = C™ be a finite dimensional Hilbert space and T be 
a positive invertible linear map on H. H is an C-C bimodule in the obvi- 
ous way. We endow H with a bi-Hilbertian bimodule structure by setting 
( x \y)c = ^2iX(i)y(i) and c (x|y) = ][]i( Tx )0)?/(*) = (y\Tx) c . These inner 
products induce equivalent norms on H since T is invertible, making H into a 
bi-Hilbertian bimodule. Since He and qH are finite dimensional Hilbert spaces, 
K(Hc) — C-{Hc) and K.(cH) = £(cH), therefore H will be of finite index if it 
is of finite left and right numerical indices. Let Tr be the nonnormalized trace 
on M„(C) = JC{H). Since Tr(T6>^) = c (x|y), for x u ...,x p eH, 

|lEc(x,|x,)||<Tr(T)||f]^^||, 
l l 

therefore r — IndLY] = Tr(T). Since (x\y)c = c{T~ 1 y\x), we deduce that 
^-IndLY] = TrfT- 1 ). 

2.32 Example More generally, let £1 be a locally compact Hausdorff space, 
H = (O, H(u)) ue n, T) a continuous field of Hilbert spaces, with T the space of 
continuous sections of H. Let 

X = {x e F : cj -» \\x(uj)\\ G C (^)} 

be the associated right Hilbert bimodule over Co(£Y). Let us consider a field 
w — > T(ui) e C{H{lo)) of positive, trace-class operators on each H(ui) defining 
an element T of C{X Co ^) (e.g. T G FR{X)). We can then define a left inner 
product on X, continuous with respect to the right one, by 

c m(x\v)(<») ■= (y(w)|T(w)x(w)). 

Writing the left inner product in the form 

c (o)(x|y)(w) = TrT(uj)9 

shows that X is of finite right numerical index if and only if sup w TrT(aj) is finite. 
In this case, r — lnd[X](ui) = TrT(w). Therefore X is of finite index if and only 
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if ui — > TrT(w) is a bounded, continuous function on f2 (e.g. T £ FR(X) n 
/C(X) + ). Notice that the set of linear combinations of elements T e JC(X) + 
for which T(u>) is trace-class and w e — > TrT(w) is continuous, is a *-ideal 
of K(X) by 4.5.2 in [Di], norm dense in IC(X). Assume from now on that 
sup w dimiJ(aj) is finite. Then T = I defines a bi-Hilbcrtian bimodule of finite 
right (and left) numerical index, with r — Ind[X](w) = dimiJ(w). However, it 
is not of finite index, unless the dimension function is continuous. However, 
if T G JC(X) + , uo — » TrT(w) is always bounded and continuous by [F], and 
therefore T does define a finite right index structure on X. 

The next example concernes with conditional expectations between unital 
C*-algebras, and was introduced in [W] as a C*-algebraic analogue of Jones 
index theory for finite subfactors. 

2.33 Example Let A C B be an inclusion of unital C*-algebras and let E : 
B — > A be a conditional expectation of finite index in the sense of [W]. We 
thus have elements {u\, ...,u n } in B such that x — ~Y^d = \UiE{ui*x) for any 
x E B. Such elements were called a quasi-basis of E, and the index of E was 
defined as Ind[S] = J2i u i u i* m [W]- Consider I = B as a bimodule 
in the obvious way, and define on the left _B-valued inner product b{%\u) = 
xy* and right A-valucd inner product {x\d)a — E(x*y). Since 9 l x y — y*x, 
JC(bX) — B acting on X by right multiplication. Thus the right A-action has 
range in JC(bX). Proposition 2.6.2 in [W] shows that E satisfies the inequality 
E(x*x) > ||Ind[£;]|| _1 a;*x. Therefore X is bi-Hilbcrtian and of finite left index: 
£-lnd[X]=I A . 

Its contragradicnt bimodule is Y = aBb, as a A-B bimodule, with A-valued 
inner product a{x\v) — E(xy*) and B- valued inner product (x\y)s — x*y. Y 
is a bi-Hilbertan B-A bimodule of finite left index. In fact the algebra 1C(aY) 
is isomorphic to the C*-basic construction C*(B, ca) which contains the image 
of the left action of B via b = J2i ^Ui'b.m*- Therefore X is of finite right index 
as well and r — Ind[X] = i — Ind[F] = Ind[_E]. Consider the dual conditional 
expectation F : C*(B,ca) — > B, F(xeAy) = (lnd[E])~ 1 xy. The Pimsner- 
Popa inequality for F shows that Y is bi-Hilbertian, while the fact that F is 
contractive gives 

|lE(«iki) B ||<||Ind[^llllE^,xJI- 

i=l i=l 

Consider now the bimodule Z = aBa as a bi-Hilbertian A- A Hilbert bimod- 
ule with right A-valued inner product (x\y)A — E(x*y) and left A-valued inner 
product a{x\v) = E(xy*). Then Z is isomorphic to Y ®s X so Z is a Hilbert 
A- A bimodule of finite right index. 

The following example is a generalization of index theory to finitely generated 
Hilbert bimodules, studied in [KW1]. 

2.34 Example Let A and B be unital C*-algebras and let X be a Hilbert 
A-B bimodule such that both left and right actions are unit preserving. Then 
X is a bi-Hilbcrtian bimodule of finite index if and only if X is of finite type 
in the sense of [KW1]. In fact, assume that X is bi-Hilbcrtian and of finite 
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index, then X is necessarily finitely generated projective as a right module (or 
as a left module), since JC{Xb) (or JC{aX)) contains the identity map. The two 
norms defined by the two inner products of X are equivalent, thus X is of finite 
type. Conversely, assume that X is of finite type in the sense of [KW1]. Then 
it is clear that Xb is bi-Hilbertian and that the left A-action on X has range 
into JC(Xb) = C(Xb)- Furthermore Xb is of finite right numerical index by 
Lemma 1.26 in [KW1]. Thus X is of finite right index. Similarly, X is of finite 
left index and therefore of finite index. 

We conclude this section with a discussion of a a Pimsner-Popa conditional 
expectation with no finite quasi-basis. This example was pointed out in [W]. 
Later it was considered also in in [FK] . We show that this inclusion is determined 
by a natural cr-unital subinclusion of finite index in the sense of Def. 2.23. 

2.35 Example Consider the C*-algebra C([— 1,1]) of continuous functions 
over the interval [-1, 1] and the C*-subalgebra C([-l, l]) e = {/ G C([-l, 1]) : 
f(—x) = f(x)} of even functions. The conditional expectation E : C([— 1, 1]) — > 
C([— 1, l]) e associating to / e C([— 1, 1]) the function ^(f(x) + f(—x)) does not 
have a finite quasi-basis in the sense of [W] since C([— 1,1,]) is not a finite 
projective module over C([— 1, l]) e . It follows that the bi-Hilbertian bimodule 
C([-i,i])C([-l,L])c([-i,i]) e with inner products 

C([-i,i])(/l0) = f9, (/l5)c([-i,i]) e = E(fg) 
is not of finite right index in the sense of Def. 2.23 because the identity operator 
over C([— 1, l])c([-i,i]) e i s n °t compact. However, the Pimsner-Popa inequality 
E{,f) > \f holds for any / <G C([— 1, 1]) + - One can treat this example by our 
methods passing to a subinclusion in the following way. Consider the cr-unital 
C*-subalgebra C ([-l,l]) = {/ G C([-l,l]) : /(0) = 0}. Then the restriction 
of E still defines a conditional expectation E : Co([— 1,1]) — ► Co([— l,l]) e , 
where C ([-l,l]) e = C([-l,l]) e n C ([-l,l]), and therefore a bi-Hilbertian 
C*-bimodule 

X = C ([-l,l])Co([-l, l])Co([-l,l])e 

which we show to be of finite right index. We first show that the left action 
Co([— 1, 1]) has range included in the compacts. Set, for / e Co([— 1, 1]), 

f e (x) = E(f)(x) = f{x) + 2 f( - x) e C ([-l, l]) e , 

/„(*) = M - e C ([-l, l])o e {/ e C ([-l, 1]) : /(-a:) = -/(a;)}. 

Clearly / = f e + f and E(J e g ) = 0, f,g e C ([-l, 1]). Therefore the right 
Hilbert bimodule Xb splits into the direct sum of the subspaces of even and 
odd functions: X = X e ® X a , X e := {/ e X : /(-x) = /(x)}, X c = {/ e 
A" : f(—x) = —f(x)}. Similarly, as a vector space, Co([— 1, 1]) = Cb([— 1, l]) e © 
C ([-l,l]) o . For /, 5 e X = C ([-l,l]), 8 r f Jh e + h ) = fg e h e + fg h . 
Therefore if, for n e N, u n is a positive continuous function in Co([— 1, l]) e such 
that u n (x) = 1 for \x\ > — and u n {x) = for |x| < -, the sequence 6 r f +9 r f 
is norm converging to the multiplication operator by /. Therefore by Theorem 
2.22, (2) of Def. 2.23 holds. We are left to show that X B is of finite right 
numerical index, and this follows from the Pimsner-Popa inequality. 
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3. Continuous bundles of finite dimensional C*-algebras 
arising from bimodules of finite right index 

Let X be a right Hilbert A-B bimodule with nondegenerate left action <j>, 
and let us consider the extension <f) ■ M(A) — ► £(Jg) of <f> to the multiplier 
algebra (see Prop. 2.15). Restricting ij> to the centre Z(M(A)) of M(A) yields 
a unital *-homomorphism <j> : Z(M(A)) — » £(Xg), still denoted </>. 

3.1 Proposition If X is a right Hilbert A-B bimodule with nondegenerate 
left action (this being the case if, e.g., X is bi-Hilbertian, by Prop. 2.16), the 
range of <j> : Z(M(A)) — ► C(Xb) is actually included in the centre of a£(Xb), 
the algebra of right adjointable maps on Xb commuting with the left action. 
Therefore a£{Xb) becomes a Z (M (A))-algebra in the sense of [Ka]. 

Adopting a standard procedure we can represent a£{Xb) as a semicontinu- 
ous field of C* -algebras lo — ► £ w over the spectrum il of Z(M(A)) in the sense 
of [Ka]. Let, for uj € il, J u be the closed two-sided ideal of a£(Xb) generated 
by the image under <j> of C u (il), the continuous functions on il vanishing at lo. 
The fiber at lo is the quotient C*-algebra :— a£{Xb)I J u - We will show 
that the field lo — ► is in fact continuous in the case where X is bi-Hilbertian 
and of finite right index (see Theorem 3.3). 

Let aXb be bi-Hilbertian and of finite right index. In Proposition 2.28 
we have constructed a M(A)-bilincar, positive, strictly continuous map F : 
C(Xb) — > M(A) satisfying a Pimsner-Popa inequality and with range the ideal 
pM(A), with p the support projection of r — IndLY]. Restricting F to the C*- 
subalgebra a£{Xb) yields a map, still denoted F, with the same properties, 
and with range the ideal pi? (M (A)) of the commutative C*-algebra Z(M(A)) = 
C(Q). We write fi = O Ufii, with Q corresponding to the projection p and Oi 
to I — p. The map F makes a£{Xb) into a right Hilbert C(fi)-module (in fact a 
a Hilbert C(fl )-module) by (S\T) = F(S*T). Since F is norm continuous and 
satisfies a Pimsner-Popa inequality, the operator norm and the Hilbert module 
norm are equivalent, therefore a£(Xb) is complete in the Hilbert module norm. 
Since the inner product is evaluated on a commutative C* -algebra, we can 
represent a£{Xb) as a continuous field of Hilbert spaces over Q in the sense of 
[Di]. ForeachwG f2, the fiber Hilbert space at w is given by H u = a£{Xb)/M u >, 
where M w is the norm closed subspace of a£(Xb), in the Hilbert module norm, 
generated by a^(Xb)^>(C^(Q)). For each lo e Oi, M w = a£(Xb) since <j> 
annihilates (/ — p)Z(M(A)) = C(Oi), therefore M u = 0, as expected. Since 
the C*-algebra norm and the Hilbert module norm are equivalent, J w = M u 
as vector spaces, and they are isomorphic as Banach spaces. In particular, 
C u = for lo e Hi. Let 7r w : a£{Xb) ~ * £u> and p u : a£{Xb) — * H u denote 
the corresponding quotient maps in the C* -algebraic and Banach space space 
sense. 

3.2 Lemma If aXb is a bi-Hilbertian bimodule of finite right index, for all 
T e a£(X b ) and for all lo e il , 

A' 1/2 |MT)|| < || Pw (T)|| < (r-MX])(o;) 1 /2|| 7ra ,(T)||, 
where X' is the best positive scalar for which \\a(x\x)\\ > A'||(x|x)b||, x e X . 
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Proof The positive M(A)-bilinear map F : C{X B ) -> M(A) satisfies 4>F(T) > 
AT for all T e C(X B )+, by Prop. 2.28. Therefore if T e a£(Xb) + , evaluating 
7r w on this estimate yields 7r w (0F(T)) > A'7r w (T) which shows that 

||Pw(r)|| 2 = (p u (T),p u (T)) = F(T*T)(u>) = 

\irUF(T*T))\ > \'\w„(T*T)\ = A'|MT)|| 2 . 

Consider the map G u : C u — > C = C(£l)/C w (£l) associating F(T)(u) to 
7r w (T). This map is well defined: 7r w (T) = implies that T € J w , there- 
fore F(T) belongs to F(J W ) which is contained in the closed linear span of 
C w (^)-F 1 (a£(-'Cb)) in the C*-algebra norm. Clearly the latter space is con- 
tained in C w (f2). Now G w is a positive functional on the C*-algebra taking 
the unit of £ w to (r - IndLY])(w), and therefore = (r - Ind[X])(w). Thus 

for all Te a^(^b), 

||^(T)|| 2 = |F(T*T)( W )| = \\GU*UT*T))\\ < 
(r IndLY])(u,)|K(T*T)|| = (r Ind[X])MK(T)|| 2 . 

We are now ready to show the following result. 

3.3 Theorem Let X be a bi-Hilbertian A-B C* -bimodule of finite right index, 
and let fi be the spectrum of Z(M(A)). Then for each u € O, the quotient 
C* -algebra C u is hnitc dimensional, and 

dim(£ w ) < [X'~\r - Ind[X]){uj)} 2 , 

where X' is the best constant for which \\a(x\x)\\ > X'\\(x\x)b\\ and [u] denotes 
the integral part of the real number fi. In particular, the fibers are trivial on 
Qi. Furthermore the collection of epimorphisms ir^, : a£(Xb) — > £u>, oj € f2, 
defines a continuous bundle of C* -algebras in the sense of [KW]. 

Proof Let us consider the positive map F : C{Xb) — > M(A), which satisfies 
4>{F(T)) > X'T for T e C{X B ) + by Cor. 2.11. We restrict <j)F to a map 
ajC(Xb) — » 0(Z(M(A)) satisfying a corresponding inequality. Evaluating 7r w on 
this inequality yields ?r w (^F(T)) > A'tt w (T), T e a-C(X b )+. On the other hand 
for each to in the support projection of r — IndLY], n u (^>F(T)) — G u (n u (T)), 
where G w is the positive functional of defined as in the proof of the previous 
lemma: G u (n u (T)) = F(T)(u). Therefore := ((r - IndLY])^))" 1 ^ is a 
state of C u satisfying 

(r-Ind[X])(w) ffw (7r w (T)) > X'n u {T),T E A C{X B ) + . 

It is well known that this condition implies that L u is a finite dimensional 
C*-algebra with at most [A' _1 (r — Ind[X])(w)] minimal orthogonal projections, 
therefore dim(£ w ) < [A' _1 (r - Ind[X])(w)] 2 . 

We are left to show that u> € O — > 7r w is a continuous bundle in the sense of 
axioms (i)-(iii) of Dcf. 1.1 in [KW]. If T is positive and satisfies 7r w (T) = for 
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all u) £ CI then T € J w for all u> in CI and therefore -F(T) = which implies T = 
by the Pimsncr-Popa inequality. This shows axiom (i). Axiom (ii) is obvious. 
We are left to show that for all T e a£(Xb), the function u e f2 — > ||7r w (T)|| 
is continuous. We will appeal to the continuity criteria discussed in section 2 
of [KW]. This function is upper semicontinuous by Lemma 2.3 in [KW] and it 
is lower semicontinuous by Lemma 2.2 in the same paper. Indeed, if CI' C CI is 
a closed subset of CI and D C CI' is dense in CI' then the condition ir^ (T) = 
for all u e D and some T € a£(Xb) + implies T e J u for all ui € D, thus 
F(T)(uj) = for all u> € D and therefore for all lu € CI' by continuity of the 
function F(T). Now evaluating 7r w on both sides of the inequality <pF(T) > AT 
shows that 7r w (T) = for all u> € CI'. 

Remark Notice that the estimate given in Theorem 3.3 can not be improved in 
general. In fact, if H is the finite index C-C bimodulc defined as in Example 
2.31. Then Cl is a one point space, cC{Hc) = M n (C), which is the only fiber. 
In this case A' -1 = ||T _1 ||, so the corresponding estimate reduces to n < 
||T- 1 ||Tr(T) which becomes an equality for T = I. 

4. On the equivalence between 
finite index and conjugate equations 

Our next aim is to show an equivalence between the notion of C*-bimodulc 
of finite index in the sense of Sect. 2 and Longo-Roberts conjugate object in 
the C* -category of right Hilbert bimodulcs [LR]. 

4.1 The C7*-categories H A , aHa and the VK*-categories H A W , aH a w 

4.1 Definition Let A be a fixed set of C*-algebras. We will denote by Ha 
the category with objects and arrows defined as follows. Objects of Ha arc 
right Hilbert C*-bimodules X over elements of A for which the left action is 
nondegencratc. The set of arrows (X, Y) in Ha between two objects aXb and 
aYb is the set (X, Y) := C(Xb,Yb) of (right) adjointable maps from X to Y. 
Given two objects aXb and bYc of H A , their tensor product X ®b Y is still 
a nondegenerate right Hilbert C*-bimodule, and therefore it is an object of 
Ha- For any T e (A", Y), the map taking a simple tensor x <£> y € X <8>b Y to 
T{x) ® y, and denoted T® Iy, extends to an adjointable map onlgflf. For 
any C* -algebra A € A, let la be A, regarded as a right Hilbert bimodule over 
A itself, in the natural way. Since left action on i A is nondegenerate, i A is an 
object of Ha- For any right Hilbert A-B C*-bimodule X, the tensor product 
Hilbert bimodule X (E>b i<b identifies naturally with X. In general, la <3>a X 
identifies with the right Hilbert sub-bimodule of X generated by AX, which, in 
the case where the left action is nondegenerate, still coincides with X (cf. Def. 
2.14). Therefore {l a , A <G -4} is the set of left and right units for the £g)-product 
between objects. One can summarize the structure of Ha, and say that Ha is 
a semitensor 2-C*-category (in the sense of [DPZ]). 

If we want a tensor 2-C*-category we need to restrict the arrow spaces, 
and consider only bimodulc maps. Namely, let aHa be the subcategory of 
Ha w hh the same objects and arrows (X, Y) := a £(Xb,Yb), the set of right 
adjointable maps from X to Y commuting with the left action. This is now a 
tensor 2-C*-category. 
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In the sequel we will consider also the IY*-categories Ha w aHjC" with the 
same objects, and set of arrows between two objects X and Y obtained com- 
pleting the corresponding arrow spaces of Ha and aHa in a suitable weak 
topology. Choose, for each unit object lb € Ha, a state ojb of B, and let us 
endow X with the inner product 

(x, x')w B = u>b((x\x') b ), x, x g X. 

Completing X, after dividing out by vectors of seminorm zero, with respect to 
this inner product, yields a Hilbert space H UB (X). For each T g C(Xb,Yb), let 
^to(T) G B{H UB (X),H UJB (Y)) be the operator which acts by left multiplication 
by T. We get in this way a "-functor T u : Ha — ► H to the category W of 
Hilbert spaces. Consider now the universal *-functor T = ® M !F U : W.4 — > W, 
where the direct sum is taken over all choice functions uj : B £ A ^> lob- T is 
faithful on arrows and strictly continuous on the unit ball of each arrow space. 

Define (X,Y) to be the completion of T{K.{Xb, Yb)) in the weak topology 
of the bounded operators from ® U )H LJB (X) to ® U )H UJB (Y), and let H w a be 
the IY*-category with arrows these TY*-closed subspaces. Since any opera- 
tor in C(Xb, Yb) is the strict limit of a norm bounded net from K{Xb,Yb), 
F{C{Xb,Yb)) C (X, Y), therefore Ha becomes a C*-subcategory of H w a un- 
der T . The universal functor enjoys the following universality property. 

4.2 Proposition A *-functor Q : Ha — > H to the category of Hilbert spaces, 
strictly continuous on the unit ball of each arrow space of Ha, extends uniquely 
to a *-functor Q" : H w a — * H, normal on the arrow spaces. 

Proof 'Let us first assume that each Hilbert space G{lb) is cyclic for G((ib, ^b))- 
Let £b be a normalized cyclic vector. Then, identifying X with the subspace of 
intertwiners JC(lb,Xb) C (lb,X), G(X)£b is a subspace of the Hilbert space 
G(X) associated to the object X. We claim that G(X)£b is the whole G(X). 
Let rj g G{X) be a vector orthogonal to Q{X)£ > b- For all x g X, G(x*)i] is 
orthogonal to G((lb, i>b))£,b and hence it is zero. Since G is strictly continuous 
on the unit ball of (X, X), we conclude that r\ = 0. We therefore have an 
identification of the Hilbert space G(X) with T U (X) where u> : B — > w^ B , and 
also an identification of G with T u . Now every *-functor G ■ Ha — » is the 
direct sum cyclic *-functors, therefore £ is a direct sum of some JF W , and the 
rest now follows easily. 

In particular, if Ry : Ha Ha is the *-functor which tensors on the right 
by an object Y g Ha, the normal extension of T o with J 7 the universal 
*-functor, makes H w a into a semitensor 2-lY*-category. 

The subcategory aH w a of W".4 with the same objects and arrows 

(X, Y) := {T g F{K{Xb,Yb))" : TF(0(a)) = F(.<t>'(a))T, a £ A,x £ X}, 

(where and 0' denote respectively the left actions of 4 on I and Y, and T 
is the universal *-functor) is now a tensor 2-IY*-category. 

Remark The functor of Ry may not be injective on arrows in any of these 
categories. In other words, if aXb, aX'b and bYc are right Hilbert C*- 
bimodulcs, the natural * - homomorphism 

T g C(X B , X'b) -^T®I Y g ® B Y) c , (A" ® B Y) c ) 
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may not be injective. In fact, if X = X' = lb and b £ B C C(lb) = M(B), 
under the identification of lb ®b Y with Y, b®Iy corresponds to the left action 
of B on Y evaluated in b, which may vanish. 

4.2 Conjugation in a'M-A an d aHa" 

In the sequel T will denote either a^-A or aH w A- Following [LR], we can 
introduce the notion of conjugation in the tensor C* (or W*) category T. 

4.3 Definition Let X = aXb be an object of T. An object Y = bYa of T is 
called a conjugate of X if there exist intertwiners R £ (ib, Y (&a X) £ T and 
~RE (ia,X ® B Y) eT such that 

R* (g> I x o I x <E> R = Ix 

R* <g> Jy O Jy (g> 7i = Jy. 

We adopt the convention that the (g>-product is evaluated before o-product. 
We emphasize that, if T = aHai R and R are C*-bimodule maps, i.e. they 
commute with left as well as right actions of the appropriate C*-algebras. 
Therefore in this case R*R and R R are elements of b£(i>b) = Z(M(B)) and 
aC(oa) = Z(M(A)) respectively. If, instead, T = aT~L w A, we can only conclude 
that R*R and R R are central elements of B" and A" respectively. 

The above equations will be referred to as the conjugate equations. Clearly, 
if Y is a conjugate of X then X is a conjugate of Y. 

The dimension of X relative to the pair (i?, R) is defined by dim^ -^X = 
||i?||||i?||. The minimal dimension of X, denoted dim X, is the infimum of all 
relative dimensions dim^.-^. 

Uniqueness of the conjugate object. Let Y be a conjugate object of X in T, and 
let R and R solve the corresponding conjugate equations. Let U € (Y, Y') be 
an invertible intertwiner in T. Set R' := U ® Ix ° R and R' = I x ® U*^ 1 o R. 
Then (Y',R',R') defines another conjugate of X and every conjugate of X 
arises in this way (sec [LR]). In the case where U is a unitary, R' R' = R R 
and R'*R' — R*R, so the dimension relative to this new pair of intertwiners 
does not change. In this situation we say that the conjugates (Y, R, R) and 
(Y',R,R') are unitarily equivalent. 

4.3 From finite index to conjugation 

4.4 Theorem Let aXb be a bi-Hilbertian C*-bimodulc. Then left actions on 
the underlying right Hilbcrt C* -bimodules X and X are nondegenerate, and 
therefore these are objects of a^-A an d A^a ■ 

(1) If X is of Gnite numerical index, X is a conjugate of X in aT~L u 'a- More 
specifically, if {u^}^ and are, respectively, a generalized right and 

left basis of X, the nets R^ := ^ yeu ^ y <&y and R v := J2zev„ z ® z 
converge strongly under the universal * -functor to intertwiners R £ 
(la, X ® r A X) and R £ (lb,X ® r B X) of a7~La wn ich do not depend on 
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the choice of the bases, and solve the conjugate equations. The following 
relations also hold for x, x' G X, 

R*{6l, x ,®IxjR = A{x\x% 

R*(6L^®I x )R=(x\x') B , 
R*R = l-Ind[X], 
R*R = r-Ind[X}. 

(2) If X is of finite index, R and R belong to aHa- So the right Hilbcrt 
bimodule X is a conjugate of X in aHa- Their right adjoint operators 
are given by: 

R*x ® x' = a{x\x'), 
R*x(g>x' = (x\x') B - 

Proof By Prop. 2.16 the left (right) action on the right (left) Hilbcrt C* 
bimodule X is nondegencrate, therefore the right Hilbcrt C*-bimodules X and 
X are objects of a^-A an d aW"a- We claim that, under the natural identifica- 
tions of X ® r B X with K{i A ,X ® r B X A ) and of X ® r A X with JC(i B ,X® r A X B ), 
the nets R^ :— J2 y eu„ V ®V an d ^L v := J2zev„ z ® z converge strongly in the 
univarsal *-functor to operators R and R which do not depend on the choice of 
the bases. It suffices to show that the first net is strongly Cauchy, as, replacing 
X with X, \i — > changes to v — > v v . Now by Prop. 2.19, ^2 y ^ u a{v\v) is a 
positive, increasing, norm bounded net, and it is strongly convergent in A" to 
r-Indpf]. Since for fi < p! , J2 v eu , ^l,y~Y, y eu ®y,y is a positive contraction, 
we have 

( E v®y - ^2 y®v\ E y®y- E y®y)A = 

F *(( E ° r y,v - E e lyf) < £ «J* " E = 
E A(y\y) - E a(v\v)- 

yeu^i yeu^ 

Therefore the net i? M € )C(ia, X ® Xa) is strongly convergent on a dense sub- 
space of the underlying Hilbert space. We show that this net is norm bounded. 
We have, for a e A, 

\\(R,(a)\R,(a)) A \\ = \\(U( £ (y ® y)a)\U{ £ {y®y)a)) A \\ 

=ii^((E ^X a ))*(£ < 

=||(r-Ind[X])a*a||, 
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where U is the biunitary map defined in Prop. 2.13 (3). Hence 

PM < (-p ' l(r 'S ]Ka| ' ) 1/2 = lb-M*]ll 1/a . 

a#o ||a a \\ 

It follows that i? M is strongly convergent to an operator R € (la,X®X) C W 1 "^ 
with < Hr-Ind^ll 1 / 2 . Similarly we define a map R £ (i B ,X®X) CH W A 
as the strong limit of Jl zeVu {z® z) such that ||i?|| < ||^ — Ind[J^]|| x / 2 . In order to 
show that R is independent on the basis, we compute its Hilbert space adjoint. 
Let w : B € ^ ^ us be a choice of states of the C*-algebras of A, and let 
'■ Ha H be the associated cyclic *-functor to the category of Hilbert 
spaces. For x,x' G X, a e A, 

{a,J r w {R tl )*x®x i ) UA = ^2{y®ya,x®x') LJA = 

^ A{(y<A{v\ x ) ex*) a) = u A { A {a*y\x'{x\y) B )) = 

ua{a{o* Y v{v\ x )b,x')), 
y£u» 

Therefore ^({R^x^x 1 ) converges weakly to a{x\x'), regarded as an element 
of the Hilbert space T^la)- It follows that R , and hence R, is independent of 
the generalized right basis. On the other hand the net regarded as a net 
in the Hilbert space T U {X ® X), has norm bounded above by (r — /[X]) 1 / 2 , 
therefore 

\\m = \\R*\\>(r-i[x])-^\\R*(J2y^y)\\ = 
(r-l[X})-^\\YA(y\y)\\, 

which shows that ||i?|| = (r - /[X]) 1 / 2 . 

Let now U € M(A) be a unitary. For any generalized right basis u^, fi — ► 
{Uy,y € is still a generalized right basis, so URU* — R by independence 
of the operator i? on the basis. Hence i? € A?f°i. 

We show that i? and i? solve the conjugate equations. For x E X, b E B, we 
have, in the Hilbert space associated to X under the universal *-functor: 

~R* ®Ix°Ix®R{xb) = R* <g> I x (x <g> lim (z®z)b) = lim A {x\z)zb = xb. 

Since X <g> B l b identifies with X via the map x ® b i— ► x6, we obtain the 
conjugate equation i? ® I x ° -fx ® -R = -^x in ^W 1 "^. Similarly we have 
R* ® I Y o I Y ®R = I Y - 

For any a G ^(m) we have 

R*R(a) = limi?*( V y ®ya) = lim V A(y|a*y) = hm Y] A(j/b)o, 

y6" M yG«n ye« M 
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so R*R = r- Ind[X] and R*R = 1- lnd[X] as well. 

We show that R (0 XZ ® I^)R = a{x\z) (the similar equation relative to R 
will follow replacing X with X). For a E A, 

R*(9 r XtZ ® J y )S(a) = if ® /y) lim( V (y ® y» 
= limif( £ ® 5=y) = lim £ A(^,,(l/)|a* W ) 

= lim V A (x(z\y) B \y)a = A (x\ lim V y(y\z) B )a = A (x\z)a. 

(2) In the case where X is of finite index, the net R fl (a) converges in norm 
for all a G A, therefore R is actually mapping A to X ® X. Furthermore 
R is right adjointable, in fact its adjoint R : X ® B X ^> A is defined by 
~R*(x® x 1 ) = a{x\x'): 

(R(a)\x ® x')a = lim } a* (y ® y\x ® S / ) J 4 

= lim V a*{y\{y\x) B x) A = lim V a* A (y\x' (y\x)* B ) 
= a*A(lim = a*A(ar|ar'). 

A first consequence of the previous theorem is the fact that the left Hilbcrt 
bimodule structure on a finite index bimodule is unique up to equivalence. 

4.5 Corollary Let A X B be a bi-Hilbertian C* -bimodule of finite index. Any- 
other left inner product on the underlying right Hilbert bimodule A X B making 
it into a finite index, bi-Hilbertian bimodule is of the form 

A (x\y)' = A (Qx\y),x,y G X, 

where Q is a positive invertible element of C b {aX). 

Proof Consider another left inner product a("|")' ma king X into a bi-Huilbertian, 
finite index C*-bimodulc. Let X 1 denote the left Hilbert bimodule structure 
over X with inner product By part (2) of Theorem 4.4, we can find 

another solution (X', R', R) to the conjugate equations such that A {x\x')' — 
R' (6 X x , <E)Iyt)R'- By uniqueness of the conjugate object (cf a remark following 
Definition 4.3) there is an invertible U G B C A (X, X') such that R — Ix®UoR. 
Therefore A (x\x')' = R (0 X x , ® U*U)R. We just need to plug in the fact that 
R = lim M ^, y€u y®ym the pointwisc norm convergence topology and choose 
Q := Jx~ 1 U*UJx, with Jx ■ X B — ► B X the natural conjugation map. 

4.4 On the equality A C(X B ) = C B ( A X) for finite index bimodules 
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Let aXb be a bi-Hilbertian C*-bimodule. We can consider the C*-algebra 
aC{Xb) of right adjointable maps commuting with the left action, but also the 
C* -algebra, £b(aX) of left adjointable maps commuting with the right action. 
If A and B are unital, and X is finitely generated, as a right and left module, 
any bimodule map on X is right adjointable and left adjointable, therefore 
aC{Xb) = Cb{aX) = AEnds(X). More generally, under which conditions 
aC{Xb) = Cb{aX) as algebras? The following result provides an answer. 

4.6 Corollary If aXb is a bi-Hilbertian bimodule of finite index, any element 
of a£{Xb) is adjointable with respect to the left inner product, and therefore 
it belongs to Cb{aX). Similarly, any element of Cb(aX) is adjointable with 
respect to the right inner product. Therefore a£(Xb) = Cb{aX) as algebras. 

Proof Let R and R be the solution to the conjugate equations arising from the 
left and right inner products as in the proof of the previous theorem. By Frobe- 
nius reciprocity there is a linear isomorphism from a£(Xb) to b£(ib, X®Xb) 
given by T — > Ij^ ® To R and an antilinear isomorphism from bC{i,b, X ® Xb) 
to b£(Xa) given by S — > S* ® 1-% ° I~x ® R ( see [LR])- A straightforward com- 
putation shows that the composition of these maps is the map T € aC{Xb) — > 
JTJ^ 1 e b£(Xa) where J : aX — > Xa is the conjugation map. Therefore the 
map T € a£(Xb) ->Tg Cb{aX) is a linear multiplicative isomorphism. 

Remark In general the "-involution of a£(Xb) differs from that of Cb(aX). 
We illustrate this phenomenon in the particular case where X comes from a 
conditional expectation. Let E : B — > A be a finite index conditional expec- 
tation in the sense of [W], between unital C*-algebras. Set bXa — B as a 
B-A bimodule in the natural way, and with inner products (x\u)a — E(x*y), 
b{x\v) = X( HJ*> where q e A' n B is a positive invertible element. Since E 
satisfies a Pimsner-Popa inequality [W], there exists a positive scalar A such 
that XE — id is completely positive, by [FK]. Therefore 

n 

M\T, er ^\\ = x \\(E(^^)kj\\> 

1 

n n 

i i 

therefore X is of finite right numerical index and also of finite index since 
Xa = B is finitely generated over A. On the other hand, since l x (z) = zqx*x, 



E*UllHk 1/2 £^W /2 ||> 
i i 



ik-^ir'iiE^ii^n^r'iiE^WAii, 
i i 

which shows that X is of finite left numerical index, and therefore of finite 
index since bX is singly generated over B. By the previous corollary b£{Xa) = 
£-a{bX) and the latter coincides with A'nB acting on X by right multiplication. 
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Therefore for any Tei'nB, the map x G B — > xT is adjointable with respect 
to the right inner product. The "-involution of Ca{bX) (denoted by T — > *T) 
is defined by the equation 

B (x\*T(y)) = B (T(x)\y) = xTqy* = xq(yqT* q- 1 )* , 

for TeA'nB. Therefore *T = qT*q~ 1 where T -> T* is the "-involution of 
S. On the other hand the -involution of B^Cpd) is defined by 

(zIT^ = (T(x)\y) A = (xT\y) A = E(T*x*y). 

Since T acts as right multiplication by an element of A' n -B, it is determined 
by the equation 

£(6T) = E(T*b),be B, 

which shows that T — ViE(T*yi*), where {yi} is a finite quasi-basis of E. 
Now if E was chosen to satisfy the equation 

E(bT) = E(Tb), be B,T G A' n B, 

the -involution (coming from the right inner product) and the original in- 
volution on A 1 n B coincide. This is possible if, e.g., Z{A) is finite dimen- 
sional. In fact, in this case A' D B is finite dimensional as well, and therefore 
E'(b) = E(J G ubu*du), with G the unitary group of A'nB, is still a conditional 
expectation from B onto A satisfying the required equation. However, the in- 
volution on A' n B coming from the left inner product differs from the original 
involution if q is not central in A' fl B. 

4.5 Computing the left index element of X 

4.7 Lemma Let X = aXb and Y = bYa be nondegenerate right Hilbert C*- 
bimodulcs, conjugate of each other as objects of j{H w a, and let (R, R) be a 
solution of the corresponding conjugate equations. Let us regard JC{Xb) as a 
C* -subalgebra of the intertwiner space (X,X) ~ JC(Xb)" oIWa- Then the 
map 

T G K{X B ) -> (R* o T ® I Y o R) ® I x <g) R*R - T G /C(X B )" 
is completely positive. 

Proof Let us take the adjoint of the first conjugate equation: 

Ix ® R* °R® Ix = Ix, 

thus for all n G N and any positive T = (T^) G M n (JC(X B )), 

T = (R* ® J x o Ix <8> iZHj Jx ®R*oR® I x ) itj 

= (if <g> J x (Ty ® RR*)R®I x ) id < ((R* o T y ® I Y °R) ® I x ® {R*R))i,j 

since < 7y 8X ® by Lemma 2.7 in [LR]. 
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Remark Choosing T = Ix, we obtain, in particular, dim R -^X > 1. 

Combining the previous lemma with the main theorem of [FK], yields the 
following result. 

4.8 Theorem Let aXb be a bi-Hilbertian bimodule of finite right numerical 
index, and let F : K{X B ) — > A be the positive A- A bimodule map constructed 
in Cor. 2.11. Then X is also of finite left numerical index. Denoting by 4> and 
■tp the left and right actions of A and B on X respectively, and by q the support 
projection of the left index element in B", i — Ind[X] is the smallest central 
element c of qB" for which the map ipo(c)<fi ° F — id : IC(Xb) — > IC(Xb)" is 
completely positive. Here f/'o denotes the extension to Z{B") of the right action 
of Z{B) on X defined in Lemma 2.18. 

Proof We claim that X is of finite left numerical index if and only if there exists 
a positive real c for which c<f>o F — id : 1C(X B ) — > C(Xb) is completely positive. 
We show the claim. If Xb has finite left numerical index, we can construct 
a solution R, R, X to the conjugate equations as in the proof of Theorem 
4.4. We have proved there that R*R = I - IndLY] and that for T e JC(X B ), 
R (T® Ix-)R — F(T). So, recalling the definition of tensor products between 
operators in XH W a, with A = {A, B}, we see that 

I x 2>R*R = ^o(£-'hid[X]) 

and 

(R*{T®Ix)R)®Ix=4>°F{T), TsK(I b ). 

Inserting these data in the conclusion of Lemma 4.7, we deduce that tl>o(£ — 
lnd[X])(f) o F — id is completely positive, as a map from K.{X B ) to JC(Xb)"- 
Therefore, with c = \\£ - Ind[X]||, c^o F - id : JC(X B ) -» C(X B ) is completely 
positive. Conversely, if for some positive real c, c<j>oF — id is completely positive 
on K{X B ), for n e N and for x\, . . . , x n £ X, 

n n 

\\^2{.Xi\Xi) B \\ = IK^.x^ull < cKMxilxj)))^ =c||^^. ;X .||, 
1 1 

so X is of finite left numerical index. On the other hand in Prop. 2.19 we have 
constructed a surjective conditional expectation <f>" o E" : K{X B )" — » <j)"{A") 
normalizing 4>"F" , which does satisfy E" (T)\\ > ||T|| for some positive real 
li and all T e JC(X B )" + . By the main result of [FK], cft'E" - id is completely 
positive for some positive real c, and therefore c\\<p"(r — Ind[X]) _1 ||(/)"F" — id : 
JC(Xb)" — » K,(X B )" is completely positive. Restricting this map to K.(Xb) and 
combining with the claim, shows that X is of finite left numerical index. 

Let now v — > v v be a generalized left basis of X. Choosing n = \v\, T = 
(9 r z . j..) € M„(/C(X)) + , we see that, if c is any central element of qB" for which 
T ek(X) -> %l) (c)4>F(T) - T e /C(X)" is completely positive then 

(^o(c)^U(^|^))iJ = (^(c)<W;^)k, > 
which implies 
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or, in other words, R v * R v c > (E ze „ 1/ ( z \ z )b) 2 - Thus (£ - Ind[X])c > (£ - 
lnd[X}) 2 , so c>£-Ind[X}. 

4.9 Corollary Let A C B be an inclusion of C* -algebras, and E : B —* A 
be a conditional expectation with range A, for which there is A > such that 
\\E(bb*)\\ > X\\bb*\\ for all b £ B. Let Ind[E] be the index of E defined as in 
Def. 2.17. Then Ind[E] is the smallest central element c of B" for which cE — id 
is completely positive. 

Proof Let aXb be the contragradient of the B-A bimodule X associated to 
E as part (2) of Prop. 2.12. Clearly X is of finite numerical index. Since 
I - Ind[X] = r - IndLY] = lnd[E], and since K(X B ) = B and F T = E, lnd[E] 
is, by Cor. 4.9, the smallest central element c of B" for which cE — id is 
completely positive (recall that r — Ind[X] is invertible by Cor. 2.20). 

Remark If 4>E : JC(Xb) — > 4>(A) is the faithful conditional expectation defined 
in Cor. 2.30 then 

Ind[X]^o£:-id 

is completely positive on IC(Xb). In fortunate cases where <f>"(r — Ind[X]) is 
central in IC(Xb)" (e.g. either A is simple, cf. Cor. 2.26, or X arises from a 
conditional expectation, Prop. 2.12, or A = B is commutative and right action 
coincides with left action) then Ind[X] = Ind[</) o E}. This observation thus 
shows that the index element of a conditional expectation coincides with the 
index element of the dual conditional expectation. 

4.6 Prom conjugation to finite index 

Let X be a bi-Hilbertian bimodule with a conjugate in XH-A- O ur next aim is 
to construct a left inner product on X making it into a bi-Hilbertian bimodule 
of finite index. 

4.10 Lemma Let bYa be a conjugate object of aXb in the tensor 2-C*- 
category aHa> an d let R and R be a pair of intertwiners solving the conjugate 
equations, in the sense of Def. 4.3. There exist unique positive semidefinite left 
inner products on X and Y such that 

A {x\a*x) = R*(9 r xx , ® Iy)R{o) G A for aeA,x,x'eX, 

B (y\b*y') = R*(e r yty ,®I x )R(b)eB for beB,y,y'eY. 

Proof For x,x' € X we define an element a(x\x') £ M(A) = C(la) by 

A {x\x')(a) = R*(6 r XtX , ® I Y )R(a) £ A for a £ A. 

Then x,x' i— ► a(x\x') defines a continuous sesquilinear form on X with values in 
M(A) . We claim that a(x\x') £ A. Let {uA-i be a selfadjoint approximate unit 
of A with < 1. We show that {R(6 X X , ® Iy)R(ui)}i is a norm Cauchy net. 
First we assume that x' is of the form y = a*x" for some a £ A and x" £ X. 
Since 

R\6 r x ,a* x » ® IyMuA = R\e^ x „ ® I Y )R(aui), 
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and aui — > a in norm, {if (0 X a , x ii ® iy)i?(Mi)}j is a Cauchy net in norm. For 
a general element i' e I, we choose x <G AX sufficiently close to 2/ (this being 
possible as left A-action is nondegenerate), so 

\\lt(6 r XtX ,®I Y )R(u i )-Tf(ei tX ,®I Y )R(u j )\\ 
< ||E*(^ >x ,®/r)^)-^(^, £ ®/)^K)|| 
+ ||if (0 X>X ® J y )S( Ui ) - if (0 X>X ® /y)S( Uj )ll 
+ ||if (0 X>X ® -if ® IyWMW 

<||i?|| 2 ||a;||||x'-5|| + ||i?|| 2 ||x||||x'-i|| 
+ ||if (0 X>X ® - if ® JyjSKOH- 

Thus {i?*(^a; 1 x' ® I)R(ui)}i is still a Cauchy net in A. 
For a e A, we have 

if (0 X>X , ® I Y )R{ui)a = if (0 X>X , ® I Y )RM -> R*(0 r XtX , ® Jy)5(a) 
in norm. This shows that the limit of the Cauchy net 

{if(0£ iX ,® Jy^uO^ 

in A coincides with ^(xja;') G A and does not depend on the choice of approxi- 
mate unit {ui}i. 

It is easy to see that (x,x') t— > A(a;|a;') is left yl-lincar and right conjugate 
A-linear. Since for b,cG A and x, x' e X, 

(U(a;| a; ')r6)*c = 6*5*(^ iiB ,®J y )S( C ) 

= 6* lim if (0 X x , ® Jy)S(ui)c = U(a;'|a;)6)*c, 

we have ^M^')* — a(£'|#)- Since 

U(x|x)(a)|a) A = (if (0 X , X ® /)S(a))|o)^ = ((0*,* ® I)R(a))\R(a)) A > 

in the canonical Hilbert ^-module la = Aa with (a\b) A = a*b, we have 
a{x\x) > 0. Now exchanging the roles of X and Y, and of R and i?, and 
applying this argument to Y, we deduce the existence of a left inner product 
on Y as well. 

We next show that X and Y aquire a structure of left Hilbert modules. To do 
so, we construct isomorphisms with the contragradicnt left Hilbert bimodulcs 
Y and X respectively. For a A-B bimodule X, we shall denote by Jx ■ X — > X 
the map associating x to x, for any x <G X. Clearly, Jx{ax) = Jx{x)a* and 
J x {xb) = b*J x {x) for a <E A, & e B, x e X. 

4.11 Lemma Let X and Y be conjugate objects of j(Ha, and let us endow 
them with left inner products defined, as in the previous lemma, by a pair of 
intertwiners R and R solving the conjugate equations. Then there exist natural 
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bimodulc isomorphisms U : Y —* X and V : X —* Y from the contragradient 
bimodules, which preserve the corresponding left and right inner products and 
satisfy 

VJx = (UJyT 1 - 

In particular, X and Y become bi-Hilbertian C* -bimodules. 

Proof For y <E Y we define l y : X — > Y (gu X by /^(x) = y ® x. Then we have 
<g> x) = (j/ly')^^. We notice that the set {a*x6|a G A, x € X, b e B} is 
total in X since, by assumption, left action is nondegenerate. 
By the first conjugate equation 

a*xb = (if <g> I x )(Ix ® R)(a*xb) = (if <g> ix)(a*a; <g> #(&)). 

For iei, 

((^*(g)/x)(a*a;(g)i?(6))|aa; / )B = (a*a; ® i?(6)|i?(o) ® x')b 
=(z <g> #(6)|a#(a) <g> x')s = (a; ® i?(6)|#(a) <g> aa/) B 
=(R(b)\l x *(R(a))®ax') B = (R(b)\l^ ma)) (~ax')) B 

=(h x * { n ia)) *(R(b))\™')B- 
Thus for a g A, b g B and x g X, 

**xb = l lx , ma)) *(R(b))eX. 

This shows that {l y *(R(b))\y g Y, b g B} is total in X. Similarly, for a g A, 
b g B and y g Y, 

b*ya = l ly . (R(b)) *(R(a))eY. 
We next show that for y, y' g Y, b, b 1 g f? 

^VW)!'.*^) = A(¥b'\yb), 

where the left hand side is computed with respect to the new inner product on 
X introduced in Lemma 4.10 and the right hand side with respect to the left 
inner product on Y defined in the paragraph following Def. 2.8. We start from 
the right hand side. For a, a' g A, 

A (a'Vb'\ayb) = (b'*y'a'*\b*ya*) A = (l ly ^ Rm *R(a'*)\l ly , R(b) *R(a*)) A 
Hh^R( b )i;^ R{b ^*)\R(o,*))A = W u 'R( b ),i y >'W) ® lY)R(a'*)\R(a*)) A 
HR\0l, Rmyl , R{bl) ®I Y )R{a'*)\a*) A = ( A (i;R(b)\i;,R(b'))a'*\a*) A 
=( A (l* y R(b)\l* y ,R(b'))a'*ya* = a' A (l* y ,R(b')\l* y R(b))a* . 

Therefore U : yb g Y l y *R(b) g X is well defined and extends to a left 
A-linear map from Y to X preserving left A- valued inner product. Since the 
right A-valued inner product of Y is definite, the left A-valued inner product 
on X constructed in Lemma 4.10 is also definite. Clearly this map is also right 
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B-linear. Since Y is a left Hilbert bimodulc, so is X with respect to its left 
inner product. Since this left inner product is continuous with respect to the 
right one, X is bi-Hilbertian by general Banach space theory. 

Similarly, V : xa € X i— » l x *R(a) € Y extends to a B—A linear map pre- 
serving the left inner product from X to Y and making Y into a left Hilbert 
bimodulc. Now UJy takes b*y to l y *R(b) and VJx takes a*x to l x *R(a). 
Therefore J/Jy^Jx takes a*xb to 

UJ Y (l xb *R{a)) = UJ Y (b*l x *R(a)) = ^ (a) *i?(&) 

which we have already shown to coincide with a*xb. One similarly shows that 
VJxUJy = Iy- Since U preserves the left inner products, JxUJy = V -1 , 
and therefore V, preserves the right inner products. For the same reason, U 
preserves the right inner products as well. 

4.12 Lemma Let aXb &nd bYa be right Hilbert C* -bimodules with nondc- 
generate left actions, conjugate of each other in a'Ha- Consider X = aX as 
a left Hilbert C* -bimodule with left inner product defined by a solution (R, 
R) of the conjugate equations as in Lemma 4.10 (cf. Lemma 4.11). Then the 
range of the right B-action on X is contained in JC(aX). Similarly, regarding 
X = Xb as a right Hilbert C* -bimodulc with its original right inner product, 
the range of the left A-action is included in IC(Xb). 

Proof 'Each element of the form R(b) can be approximated, in the norm induced 
by the right inner product of Y <S)a X, by finite sums • yt <g> Xi}. In turn, 
as seen in the course of the proof of Lemma 4.11, each element of Y can be 
approximated by finite sums {^2j l Xj * R(aj)}. Thus for any b € B and any 

positive integer n, there exist x^\ <G X and e A for k = 1, . . . , N n 
such that 

N n 

r n := ^ l x („)*R(a^) ® — ► R(b) as n — > oo. 
fc=i k 

By the first conjugate equation, for any x e X 

xb = (R* <g> I x ){Ix ® R){xb) = (if <g> J x )(a: <g> 

Define Q(x) := .t6 e X and Q n (x) := (if ® Ix){x ® r„) e X. We claim that 
<5„ is a finite rank operator on the left Hilbert module aX. We show the claim. 

N n 

Q n {x) = (R* ®I x )(x®r n ) =^i?*(x®/ x („)*i?(4 n) ))®4 n) 

fe=i 

= E**^ ,w ® ^»i n) )) ® «£° = E Arf)«W 

iV„ 

= E^i<">™<"\4"> (*)■ 
fc=i 
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Using the norm on X induced by the right inner product: 

||Q(aO-Q„(aO|| < \\R* ® Ix\\\\x\\\\R(b) - r n \\. 

On the other hand, the norm on X coming from the right inner product is 
equivalent to the norm coming from the left inner product, therefore Q is the 
norm limit of {Q n } in C(aX), and this shows that right action of B on X lies 
mK{ A X). 

Replacing now Y with X, we deduce that the right action of A on Y is 
compact with respect to the left inner product of Y. But by Lemma 4.11, the left 
Hilbert C*-bimodule Y identifies, through the map V, with the contragradient 
X of the original right Hilbert C*-bimodule X, therefore the left action of A 
on X is compact with respect to the original right inner product of X itself. 

4.13 Lemma Let X be an object of XH-A with a conjugate object Y in XH-A, 
and let us make X and Y into bi-Hilbcrtian C* -bimodules with left inner 
products defined, as in Lemma 4.10, by a solution (R, R) of the conjugate 
equations. Let us identify Y, as a bi-Hilbertian C*-bimodule, with X via the 
biunitary map V : X — > Y dchned in Lemma 4.11. Then for any x,x' € X, 

R*(x®x') = a{x\x') and R*(x <g> x') = {x\x') B . 

Proof We shall show that 

R*(x <g> Vx 1 ) = A {x\x) and R*{Vx® x') = (x\x') B . 
The first equation follows from 

R*(x®V(x 7 a)) =R*(x®l x >*R(a)) =R* (6£ jX , ® I Y )R~{a) = A {x\x')a. 
Similarly, we have 

R*(y®Uy')) = B (y\y'), 

where the operator U is still defined in Lemma 4.11. Now writing y = Vx and 
y' = Vx', and using the relation UJyVJx = Ix obtained in Lemma 4.11, gives 

R*Vx(g> x' = B (Vx\V^) = (x\x') B . 

We are now ready to prove a converse of part (2) of Theorem 4.4. 

4.14 Theorem Let X be a right Hilbert A-B C* -bimodule with a nondegen- 
erate left action. If X has a conjugate object in the 2-C* -category X^-A of 
nondegenerate right Hilbert bimodules, it can be given a left A-valued inner 
product making it into a finite index bi-Hilbcrtian C* -bimodule. More pre- 
cisely, any solution (Y, R, R) to the conjugate equations in X^-A induces a left 
inner product deEning a Enite index bi-Hilbertian structure on X by 



a{x\clx') = R 9 r x x , ® IyR{o*), x, x e X, a E A. 



(4.1) 
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It turns out that Y is biunitarily equivalent, as a bi-Hilhertian bimodule, to X 
and, under this identification, the intertwiners R and R are defined by 

~R*x®x' = A {x\x'), R*x<%> x' = (x\x') B - (4.2) 



Proof Suppose that X has a conjugate Y defined by intertwiners R and R. So 
far we have proved that a solution R, R of the conjugate equations induces 
a bi-Hilbertian structure on X (Lemma 4.11) in such a way that the left and 
right actions have range into the corresponding compact operators (Lemma 
4.12). Also, we have been able to identify Y biunitarily with X (via the map 

V defined in Lemma 4.11) with R and R acting as in Lemma 4.13. Since r x 
is positive, we have 

\\R\\-Hl iX <R\6l tX ®I)R = A {x\x), 
by Lemma 4.7. Therefore for any a?i, . . . ,x n Gl, 

n n 

llE^,xJI<PII 2 llE^^^)ll- 
»=i »=i 

On the other hand, since R is bounded, for any x\, . . . , x n , yi, . . . ,y n G X we 
have 

|| = P*(XX* ® J ) S U ^ PfllE^^II- 

i— 1 i— 1 i— 1 

Therefore, taking into account Theorem 2.22, all the assumptions of Definition 
2.23 are satisfied, and this shows that X is of finite right index. Similarly, 

Y = X is of finite right index, i.e. X is of finite left index as well, and therefore 
of finite index. 

The arguments of the proof show that the minimal dimension of a bimodule 
is the infimum of the square roots of the numerical indices. 

4.15 Corollary 

dim X = inf(r - [X}) 1/2 (£ - I[X]fl 2 = inf /[X] 1 / 2 , 

where the infimum is taken over all possible left inner products on the right 
Hilbcrt bimodule X making it into a finite index bi-Hilbcrtian C* -bimodule. 

4.7 A characterization of strong Morita equivalences 

We next characterize strong Morita equivalences among general right Hilbcrt 
C*-bimodules as those objects with minimal dimension (or numerical index) 
equal to 1. 

4.16 Corollary For a right Hilbert C*-bimodule aXb the following properties 
are equivalent. 

(1) Xb is full and it can be given a full left inner product making it into 
finite index bi-Hilbertian bimodule with respect to which I[X] = 1, 
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(2) X is an object of the category of nondegenerate full right Hilbert C*- 
bimodulcs with a conjugate such that dimX — 1, 

(3) X can be given a left inner product making it into hnite index Hilbert 
bimodule with r — Ind[X] = I a and I — lnd\X\ = Ib, 

(4) X can be given a left inner product making it into a strong Morita 
equivalence bimodule from A to B. 

Proof (1) => (2): This implication follows from the previous theorem. 

(2) => (4): Let R and R satisfy the conjugate equations with ||i?||||i?|| < \/~2. 
Since X and its conjugate are full, the left and right indices of X must be 
invertible by Cor. 2.29, and therefore so are R*R and R R. The operators 
S := R(R*R)~ 1 / 2 and S := R(R R)^ 1 / 2 are isometries whose ranges generate, 
as in [LR], projections satisfying the Jones relations with parameter /?, where 
(3- 1 = (||i?||||#||) 2 < 2, thus (3 = 1 by Jones fundamental result [J]. This shows 
that the numerical index I[X] of X with respect to the original right inner 
product and the left inner product induced by this pair, is 1. Let <j)E : JC(Xb) — > 
4>(A) denote the conditional expectation defined in Cor. 2.30. Since, by Cor. 
4.9, 1[X]4>E(T) > T for any positive T in 1C(Xb), and since <f>E{<j)E{T)-T) = 0, 
<j>E, being faithful, must be the identity map. Defining a new left inner product 
on X by: 

A (x\ y y := (R*R)- 1 A (x\y)=6 r Xty , 
makes X into a strong Morita equivalence bimodule. 

(4) => (3): It is easy to show that a strong Morita equivalence bimodule is full 
as a left as well as a right Hilbert module and has index 1. In fact, in this case 
A = JC(Xb) and one has a bi-Hilbertian structure given by a(x\x') — 9 r x x ,, for 
x,x' € X. Let {iifi}^ be a generalized right basis for X. Since a{x\x') — X X ,, 
for x, x' € X, we have 

r - lnd[X] = lim £ A (y\y) = lim £ 8^ = I a- 

One similarly shows that t — IndLY] = Ib- 

(3) => (1): This implication is obvious. 

5. Tensoring finite index bimodules 

Let A, B and C be a unital C*-algebras, X a right Hilbert A-B bimodule 
and Y a right Hilbert B-C bimodule. If X and Y are of finite index, is X® r B Y 
still of finite index? It does not seem to be easy to prove this property directly. 
However, one can obtain a proof from our characterization Theorems 4.4 and 
4.14. We anticipate the following well known lemma. 

5.1 Lemma Let Y — bYc, Y' — bY' c be right Hilbert C*-bimodules and 
F G b£(Yc,Yq) be a B-C bimodule homomorphism with adjoint. Then 

(1) for any right Hilbert A-B bimodule X, |j/x ( X'-F|| < 11-^11 > and the equal- 
ity holds if Xb is full and the left action ofBonY is nondegenerate, 

(2) for any right Hilbert C -A bimodule X , \\F®I X \\ < \\F\\ and the equality 
holds if the left A-action is faithful. 
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Proof (1) The operator Ix ® F is clearly well defined on the linear span of 
simple vectors x ® y, x e X, y e Y, which is dense in X ®s Yc- One can 
easily check that the norm of Ix <8> F on that subspace is bounded above by 
\\F\\, therefore Ix <£> F extends to a bounded operator with the same norm 
on the completion X ®b Yc with adjoint Ix ® F* . It is also obvious that 
Ix ® F is a bimodule map. For the rest it suffices to assume Y = Y' . The map 
F e b£(Yc) -» Ix ® F e a>C(X B F c ) is a *-homomorphism. J* ® F = 
implies 

(x <g> Fy|a; <g> Fy) c = (Fy, (a;|a;) B Fy) c = 0, x e X, y e Y, 

therefore F((x\x)bv) = f° r all x e X, y e Y, which implies F — since the 
right inner product of X is full and the left B-action on Y is nondegenerate. 
Therefore \\I X ® F|| = ||F||. (2) The fact that F ® I x is a well defined map on 
Y®X with norm bounded above by \\F\\ can be proved with arguments similar 
to those used above. Now F <g> Ix =0 implies (x\(Fy\Fy)cx)A = 0, x £ X , 
y € Y, so the left action of C on X evaluated on (Fy\Fy)c vanish for all y € Y . 
If this action is faithful, Fy = 0, y E Y and therefore F — 0. This implies that 
||F® 7 X || = ||F||. 

We have shown in Prop. 2.13 that if aXb is of finite right numerical index 
and bYc is of finite left numerical index, the scminorms of X Qb Y arising 
from the left and right inner products are equivalent, therefore we can form a 
unique bi-Hilbertian bimodule, X ®bY completing in any of these seminorms. 
We now show that this bimodule is of finite index if so are X and Y. 

5.2 Theorem Let A, B and C be C* -algebras, and X = aXb and Y = bYc be 
bi-Hilbertian C*-bimodules. If aXb and bYc have Unite index (respectively, 
finite numerical index), then also X ®bY has finite index (respectively, finite 
numerical index) with respect to the bi-Hilbertian structure defined in Subsect. 
2.2. 

Proof Since X and Y are bi-Hilbertian and of finite numerical index X <Sib Y is 
bi-Hilbertian by Prop. 2.13, and therefore left and right actions are nondegen- 
erate by Prop. 2.16. Since X and Y have finite numerical index, the contragra- 
dient of the corresponding underlying left Hilbcrt modules are their respective 
conjugates, by Theorem 4.4. Namely, there are intertwiners in XrV" Ai with 
A = {A,B},Ri _e (la,X® b X), R 1 g (l b ,X®aX) , R 2 e (i B ,Y® c Y), 
i?2 € (i-c,Y (g>B Y) solving the corresponding conjugate equations. We show 
that Y ®b X is a conjugate of X ®b Y in aH w A- Wc define a map i(Ri) from 
Y <g> Y ~ Y ® l c ® Y to Y ® ~X ® X ® Y , by Iy ® Ri ® I Y , and a map j(R~2) 
from X ® lb ®X~ ~ X ®X~ to X <giY <giY <giX~ by Ix ®R~2 ® I~x- 

We also define a C-C bimodule homomorphim R e c , £(tc, (F ®X(g)X(g)y)) 
by i? = i(-Ri) o i? 2 , and A-A bimodule homomorphism i? e aC(la, X ® Y ® 
F ® X A ) by Ti = j(R 2 ) o ^l- Then we have 

R ® ^x®y o /x®y ® R = Ix®y 
R* ® ® ^ = ^F^X 
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We check the first relation: 

R* <S> Ix®Y o Ix®Y <8> R 

=R*j(R*2) ® J X®Y O I X ®Y ® i{R\)R2 

=Rl <g> 7* <g> o -fx ® i?i ® o 7 X ® R* 2 ® J y o J x ® 7 r ® i? 2 
=((^i <Z>I x oIx® Ri) ® ® (% ®IyoI y ® R 2 )) 

=Ix®Y- 

To show the second equation we proceed in a similar way and we use the 
following computation: for a; <g> y ® y' £§> 6x' G X ® Y (g) Y ® X we have 

(/x ® ^2 ® % ® ® )(/x ® ® % ® -Ri ® ) (a; ® y ® y 7 ® 6a 7 ) 
= x(g> B (y\y')Ri(b) ® a 7 = x(g) i?i( B (y|y» (gia 7 

= a; ® i?i( B (y|y')) ® = ( J x ® i?i ® ® #2 ® ir)(x ® y ® y 7 ® 6a 7 ). 

One can easily check that the following relations: 

A (^') :=S*(^, z ,®ly 0X )S, 

(z\z') c :=R*{9L-®I x ®y)R. 

Here zelgF^zei'gA'is the map taking the simple tensor x®ytoy®x. 
(This map is a well defined, A-C antilinear and bi-antiunitary with respect to 
the corresponding bi-Hilbertian structures.) For zi, . . . , z n <E X ®bY , 

n n 

1 1 

therefore X (g) Y has finite right numerical index. With a similar argument, 
X ® Y has finite left numerical index. If X and Y have finite index, R and R 
are intertwiners of the C*-category aH-Ai by part (2) of theorem 4.4, so X®bY 
has finite index by Theorem 4.14. 

6. Examples 

In this section we discuss examples of Hilbcrt C* bimodules of finite index 
with countable bases. 

6.1 Finite index bimodules generating Cuntz Krieger algebras 

In the next example we construct a Hilbert C*-bimodule of finite index which 
generates a countably generated Cuntz-Krieger algebra, see [KPRR] and [KP W2] .| 

Let £ be a countable set, and let G — (G(i, j))ijei; be an infinite matrix with 
entries in {0, 1}. We shall assume that no row and no column of G is identically 
zero. We associate to the matrix G the directed graph Q = (E,E,s,r), where 
£ is the set of vertices and E = {(i, j) eSx Y,\G(i,j) — 1} is the set of edges. 
For an edge 7 = (i, j) e E, the source s(-f) is i and the range r("f) is j. We 
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assume that Q is locally finite, that is, for any j G E, {i G E|G(i, j) = 1} and, 
for any igE, {j G E|G(«, j) = 1} are finite. 

Let A = co(S) be the C*-algebra of the functions on E vanishing at infinity 
and let A n = c o(E) be the dense *-subalgebra of functions with finite support. 
We denote by Pj the projection in A given by Pj(i) — Since the set of edges 
E is a subset of E x E, we may regard E as a set-theoretic correspondence. The 
vector space X — c no (E) of the function on E with finite support is an A- A 
bimodule by 

(a-f-b)(i,j)=a(i)f(i,j)b{j) 

for a, b G A, f G X^ and (i, j) G _E. We define an A- valued inner product on 

*o by 

(f\9)A(j)= J2 f(i>3)9(iJ) 

f° r /: .9 € ^o- X becomes in this way a right pre-Hilbert A-module. We 
denote by X the completion of X$. The left A- action on Xq can be extended 
to an action <fi ■ A — > on X by continuity. Since G is a row finite matrix, 

4>{a) G /CfWyi). Since no column of G is zero, the range map r is onto. Thus 
Xa is full. Let Ox = C*{S x \x G X} be the Pimsner algebra [Pirn] generated 
by the bimodule X. For a G E, Ss a will be denoted by S a . 

Let _F be the edge matrix defined by F(a, (3) = 1 if r(a) = s(/3) and -F(a, (5) = 
otherwise. Then the generators {S^la G E} satisfy 



For i G E, we may define 5^ = X) s (a)=i e ^-^j because no row of G is 
zero and the source map s is onto. If (3 — {i,j) G E, then 5^ = SiPj. The 
C*-algebra Ox is also generated by {Si\i G E} satisfying the relations 

stSi^GfrfiSjs; 

3 

The C*-algebra Ox coincides with the countably generated Cuntz-Krieger al- 
gebra Oq- 

We shall introduce an A- valued left inner product on X. We need an ad- 
ditional datum. Assume that we are given a nonnegative matrix T = (Tij)ij 
such that Tij > if and only if (i, j) is an edge, i.e. G(i,j) — 1. We call such 
a matrix T a weight matrix for the graph Q. K. Yonctani suggested that the 
weight matrix T gives an A- valued left inner product a{ | ) on X by 

A(f\g)(i) ^^Tijfii^^gii^j) 

3 

for /, g G X - Then we have two associated norms 



A \\f\\= S upJ2 T Mhj)\ 2 
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and 




supj^ |/(i,j)| 2 



3 



6.1 Definition A weight matrix T for the graph Q is called of finite index if 



6.2 Example Let E = N and G(i,j) = 1 if \i - j\ = 1 and G(i,j) = if 
|z — j | 7^ 1. Consider a weight matrix T defined as follows: T\i = 1- =1/2 
if |i - j | = 1 and (i, j) ^ (1, 2). Ty = if |i - j| ^ 1. Then ci = 1 and c 2 = 4. 
Thus T is of finite index. 

6.3 Example Let E = Z and G(z, j) = 1 if |i - j\ = 1 and j) = if 
|i — j | 7^ 1. Consider a weight matrix T defined by = 1/2 if |i — j| = 1 and 
Tjj =0 if |i — j| 1. Then c\ = 1 and c 2 = 4. Thus T is of finite index. 

6.4 Example The homogeneous tree Tree(n) of degree n is the tree where all 
vertices have degree n. For example Tree(2) is the graph above with E = Z and 
G(i,j) = 1 if \i - j\ = 1 and j) =0 if \i - j\ ^ 1. Trcc(4) is the Cayley 
graph of the free group F 2 with respect to the generators. We define a weight 
matrix T for Tree(n) by associating the value 1/n with each edge. Then c\ = 1 
and C2 = n 2 . Thus T is of finite index. 

6.5 Example A tree has a weight matrix of finite index if and only if it has 
bounded degree. In general a locally finite graph has a weight matrix of finite 
index if and only if both in- and out-degrees are bounded. In fact suppose 
that the in-degree is unbounded. We may assume that c\ < oo. For any edge 

€ E, < Tij < supi J2j Tij = c\. Then we have 



Since the in-degree is unbounded, the last term goes to oo. Therefore ci = oo. 
The rest may be similarly shown. 

6.6 Lemma Let T = {Tij)ij he a weight matrix for a graph Q. Then the 
following are equivalent: 

( 1 ) T is of hnite index. 

(2) The two norms a\\ \\ 'And || ||^ onl are equivalent. 
Proof (1)=> (2): Suppose that T is of finite index. Then for any i, 




3 



and 





^T ij |/(i,i)| 2 <(^T ij )(sup|/(i,j)| 2 )< Cl (sup^|/(i,i)| 2 )=c 1 ||/|| A! 

3 j 
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hence 

aUW = ^up^T 4 ,|/(M)| 2 <cl /2 | 
Setting g(i, j) = y/T~f(i,j), we have 



/sup^] \g(i,j)\ 2 , and ||/|| A = Jsup^ j)\ 2 - 



Thus for any j, 

J2^\9(i,j)\ 2 < (^-^)(sup| ff (z,j)| 2 ) <c 2 sup^| 5 (2,j)| 2 = c 2A | 



Hence 



Co Co \/ J l J 



(2)=> (1): Suppose that T is not of finite type. Then c\ = oo or c 2 = oo. 
ff ci = oo, then for any M > there exist a positive integer fc such that 
J2jTkj > M . Let f(i,j) = 1 if i = k, (k,j) is an edge, and f(i,j) = 
otherwise. Then A ||/|| 2 > £V ; T kj > M and \\f\\ A = 1 . Thus the two norms 
are not equivalent. If c 2 = oo, then for any M > there exist a positive integer 
k such that J2i T~ ^ M . Let g(i,j) = —rj2 if j = k, (i, k) is an edge, and 

g(i,j) = otherwise. Then A \\g\\ = 1 and \\g\\ 2 A > M . Thus the two norms are 
not equivalent. 

If T is of finite index, we can identify the two completions of Xq with respect 
to the two norms above defined. We shall denote by X its completion. The left 
and right actions of A extend to injective *-homomorphisms <fi '■ A — > C(Xa) 
andV>: A^C( A X). 

We need the following inequalities which are easily verified: Let Y be a 
normed space. Then for any y\, ...,y n € Y, positive numbers Ai, A„,c with 
J2i Aj < c, we have 

||^Aij/i|| < c sup 1 1 j/i 1 1 . 

i 

i 

For any positive operators A, B, C, D with A < C, B < D, we have 

pl/2 B l/2|| < || C l/ 2jD l/ 2 ||_ 

6.7 Theorem In the above situation, if a weighted matrix T is of finite index, 
then X is of finite index and 

\\r - Ind[X]\\ = d := sup^Tij and \\£ - Ind[X] || = c 2 := sup -j-. 

* j 3 i i3 

More precisely, we have 

r Ind[X] = (J2 T i3 )i G *°°(£) and £ Ind[X] = E *°°(E) 
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Proof First we shall show that X is of finite right index. Since the graph is 
locally finite, we have <j)(A) C JC{Xa) and ip(A) C JC(aX). In fact, wc have 

m) = E e *w 

and 

M p i)= E Y e ^ &K{AX) ■ 

{l\r(t)=j} 7 

We are left to show the inequality described in part (2) of Prop. 2.7. (2) of 
Definition 2.3. For any /i, /„ e X and gi, ...,g n € A" , we shall show that 

n n 

\\J2^fp\9 P )\\<ci\\J2 e i, 9 J- 

p—i p—i 



Since 



Y, e i^\ = \\uif q )A)y q 2 {{ 9P \9 q )A)y q 2 \\ 



P =i 



= sup||(E/ P (^i)/ 9 (^i))^ 2 (E^^i)^(^i)dl ; 



we have that 



E^pWH = supiE^E^'-^p^j))! 

p=l j p=l 



< 



< 



sup((E T y) su p i E j)ffp(*' j))I) 



P =i 



(sup(E T y))( su P su piE^(*'- : '^p( i '- : ''))i) 



= ci supsup|E/p(^i)5p(^j))l 
1 J P =i 

= ci supsup||(/p(i,j)/,j(i,j)) p / 2 ( ffj ,(i,j) ff9 (i,j)) p / 2 || 

j * 

< a snp\\(^f p (i,j)f q (ij))l( 1 2 (^g p (ij)g q (ij)) 1 p ( ] 2 \\ 

n 

= ^iiE^*ii- 

p=l 



For any /i, ...,/„ € A" , we shall show that 



E e / P ,/J ^ii E^(/pi/p)ii- 

p— i p— i 
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Put g p (i,j) := ^/Tijf p (i,j). Then we have that 

n 

IIIX./J = II((/ P I/,)a) M 
p=l 

= sup||(^/ p (i,j)/g(i,j))j 



= sup || ^-5 P (*.i)ff 9 (*.i))iKill 
3 i 1 V 

< sup((J^ 7fr) su T>\\(9 P {i,j)g q (i,j)) 

3 i 1 ij 4 

< ( SU P sup sup 'I J')^^. 

1 ij 3 * 



= c 2 sup sup || ($,(», j)g q (i,j))pq || 
j » 

n 

= c 2 supsup|^5 p (i,j)5p(i,j))| 
4 J P =i 

n n 

< c 2 sup|^^. 9p (i,j).g p (i,j))| 

J = l P=l 

n n 

= c 2 sup|^^Ty/p(i,j)/ p (i,j))| 

n 

= c 2 ||^ A (/p|/p)||. 
P =i 

We shall next show that X is of finite left index. We denote by Yo be the A- A 
bimodule cqq(E) with the following two-sided inner products: For f , g & Yq, 

A(f\g)ii) = J2f(iJ)WJ) 

3 

and 

{f\g)A(j) = Y 7frf(hj)9{hj)- 
i ll i 

We denote by Y its completion. For / € Yq, define Uf € Yo by (Uf)(i,j) = 
s/TTifdJ). Then we have A (f\g) = A (Uf\Ug) and (f\g) A = (Uf\Ug) A . The 
map U extends to a surjective isometry X — > Y~ with respect to the two-sided 
inner products. Combining the fact with the preceding argument, we see that 
X is of finite left index. Since {$(i,j)}(i,j)eE is a right basis for X, 

r Ind[X] = A(S {i , j} \6 {iJ) ) = e *°°(S). 
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Since { / fi(i,j)}(i,j)EE is a left basis for X the formula for I — Ind[X] is 
obtained similarly. The rest is clear. 

6.2 Crossed products of Hilbert C* bimodules by locally compact 
groups 

In [K], the first-named author studied continuous crossed products of Hilbert 
C*-bimodules by locally compact groups. Let B be a unital C*-algebra, and A 
be a C*-subalgebra of B with the same unit. Let E : B — > A be a conditional 
expectation of finite index in the sense of [W]. So there exists a finite basis 
{ui, 1*2, • • • , u n } of B such that x — Y^i=i E{xu*)iii for any x £ B. Let X — 
aBb be a A—B bimodule with right B-valued inner product {x\y)s = x*y and 
left A- valued inner product a(x\u) — E(xy*). Then X is a Hilbert A — B 
bimodule of finite index. 

Let G be a second countable locally compact group and a a continuous 
homomorphism from G to the automorphism group of B such that E(a g (b)) = 
a g (E(b)) for every b € B and every g <G G. It can be shown that A x a G can be 
embedded as a C*-algebra in B x a G in a natural way, and it can be shown that 
there exists a conditional expectation E from i? x Q G to A~A a G which extends 
E. Put Y = B x Q G. We define a A x Q G- B x a G bimodule structure on Y and 
a left inner product over A x a G and a right inner product over B x a G in the 
obvious way using E. Then it can be shown that Y is a countably generated 
Hilbert C*-bimodule of finite index (see [K]). The left and right indices of Y 
are essentially the same as those of X. 

6.8 Correspondences 

Let be a compact Hausdorff space. Most Hilbert C*-bimodulcs over the 
commutative C*-algebra A — C(Q) naturally arise from set-theoretical corre- 
spondences (i.e. closed subsets C of x ft) similar to the case of commutative 
von Neumann algebras as in [Co]. We say that a pair (C,/i) is a (multiplicity 
free) topological correspondence on f2 if C is a (closed) subset of O x D and 
H = (/x y ) ye n is a family of finite regular Borel measure on ft satisfying the 
following conditions: 

(1) (faithfulness) the support supp^i v of the measure \i v is the y-section 
Cy :={xen\(x,y)eC}, 

(2) (continuity) for any / e C(C), the map y e il — > J Cv f(x, y) dfi y (x) e C 
is continuous. 

The vector space X n = C(C) is an A- A bimodule by 

(a- f ■ b)(x, y) = a(x)f(x, y)b(y) 

for a, b £ A, f £ X n and (x,y) G C. We define an A-valued inner product on 
*o by 

(f\g)A{y)= f{x,y)g(x,y)dn v {x) 

for f,g£ Xq. Faithfulness and continuity of /i imply that Xq is a right pre- 
Hilbert A-modulc. We denote by X the completion Xq. The left A-action on 
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Xq can be extended to a *-homomorphism <j> : A — > L A {X A )- Thus we obtain a 
right Hilbcrt A~ A bimodule with right inner products from the correspondence 
(C,/j,). See [D] and [KW1] for a more precise treatment. 

We usually assume that for any x € there exists y G 51 with(x, y) G C. 
This condition implies that left action (f> is faithful. We also assume that for 
any i/e!] there exists x G f2 with (x,y) G C. The condition shows that right 
inner product on X is full. In fact let u>(y) = /i y (C v ). Then uj G A is invcrtiblc. 
For any a G A, put f(x,y) = a(y). Then = aw. Hence the right inner 

product is full. 

6.9 Example Let us assume that projection maps 



t '. (x, y) G C i — > x G f2 and s:(i,i/)€Cnt/e!l 



are local homeomorphisms. For any y G fl, let n v be the counting measure on 
C y . Then (C,/z) is a topological correspondence on f2. We shall show X has a 
finite basis. In fact, since C is compact, and by our assumption, there exist a 
finite set {(xi, y{), . . . (x n , y n )} c C and open neighborhoods U k of (xk,yk) for 
fc = 1, . . . , n such that the restrictions of the projection maps r and s to Uk are 
local homeomorphisms and C — U^ =1 C/fc is an open covering. Let {/i, . . . , /„} C 

1 /2 

C(C) be a partition of unity for this open covering. Put = f k ' > 0. Then 
for any (x\,y), (x 2 ,y) G C, we have 



^2,9k{x 1 ,y)gk{x 2 ,y) = U X\ ,x 2 ■ 
fe=l 

Using these equalities, for any h G C(C), we have that Y^k=i9k{9k\h) a = h. 
Thus {<7i, ... , g„} is a finite basis for X. 

As an example, put f2 = [0, 1]. Let h\ be a map on the interval O = [0, 1/2] 
given by = 2x for x G [0, 1/2] and be a map on the interval £1 = [1/2, 1] 

given by h^{x) = 2x — 1 for x G [1/2, 1]. Let C be the union of the graphs of hi 
and hi. Then A = C([0, 1]) and the right inner product on Xa = C{C) is given 

by 

(f\g)A(y) = f(y/2, y)g(y/2, y) + f(y/2 + 1/2, y)g(y/2 + 1/2, y) 

for /, g G X A and y G [0, 1]. Thus X A = A A as a right Hilbert C*-module. 
The left action (f> : A ^ C A {X A ) = M 2 {A) = C([0, 1], M 2 (C)) is given by the 
diagonal matrices 



(0(a))(a;) = diag(a(x/2), a(x/2 + 1/2)). 



The associated Pimsner algebra Ox is isomorphic to the Cuntz algebra 2 and 
the fixed point algebra by the gauge action is isomorphic to a UHF algebra 
M2~ . The left inner product on Xa is similarly given by 



v(f\g){x) 



f(x,2x)g(x,2x) (if0<x<l/2) 



f(x, 2x- l)g(x, 2x - 1) (if 1/2 < x < 1). 
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The right and the left norms on Xa are given by 

ll/IU= sup V|/(y/2,j/)|2 + 1/(^/2 + 1/2, y)P 

a< y <i 

and 

A ||/||=max{ sup |/(ar,2ar)|, sup \f(x, 2x - 1)|}, 

0<x<l/2 l/2<x<l 

These two norms are equivalent: 

aII/H < < >/2a||/|| . 

Thus the A- A bimodule Xa is of finite type in the sense of [KW1] . This implies 
that X is of finite index as discussed in Example 2.34. 

Let us replace fi = [0, 1] by the circle £1 — T and consider, similarly, the map 
h on T such that h(z) = z 2 for z € T. Let C be the graph of h and consider 
the Hilbert A- A bimodule X. Then the associated Pimsner algebra Ox is 
isomorphic to the purely infinite simple C*-algebra with if-theory: Ko(Ox) — 
Z = K\{Ox)- The fixed point algebra under the gauge action is isomorphic to 
the Bunce-Dcddens algebra of type 2°° . One can also show that X is of finite 
index. 

6.10 Example In general X fails to have a finite basis. A typical example is 
supplied by a tent map h on the unit interval f2 = [0, 1]. This is essentially the 
same example as the one discussed in 2.35. The map h is given by 

h(x) = 2x (if < x < 1/2) and h(x) = -2.x + 2 (if 1/2 < x < 1). 

Let C be the graph of h. For any y e [0, 1), let fi y be a counting measure on 
C v , that is, \i v = Sy/2 + <5i— j//2- For y = 1, let fi 1 = 2Si/ 2 - Then (C,fj.) is a 
correspondence on [0, 1]. Let X be the right Hilbert A = C([0, l])-module ob- 
tained from the correspondence. The right Hilbert A-module X does not have 
a finite basis. This fact is easily seen through a realization of it as an orbifold 
construction as follows: Let B = C([0,2]) and let 7 be a homeomorphism on 
[0,2] with period two such that 7(2;) = 2 — x for x e [0,2]. Then 7 induces 
an automorphism a on B such that (a(f))(x) = /(2 — x). The fixed point 
algebra B a is isomorphic to A = C([0, 1]). We note that the action a is free 
except for a; = 1. Consider the condiitonal expectation E : B — > A defined 
by E(f) = (/ + a(.f))/2. Let Y = Ba be a right Hilbert A-module given by 
(f\9) A — E(f*g). Then X and Y arc isomorphic as right Hilbert A-modulcs: 
there is a unitary induced by the map <f> : C — > [0, 2], 

<j)((x,2x)) =2x if 0<x<l/2 

<j)((x, -2x + 2)) = 2x if 1/2<x<1. 

By a result in Prop. 2.8.2 in [W], Y does not have a finite basis. 

We shall construct a countable basis for Y explicitly. Define r n e C([0, 1]) 

by 

r n {x) = 1 if < x < 1 — 1/n and r n (x) = — n(x— 1) if 1 — l/n<x<l. 
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Put V! = n and v n = (r n - r^) 1 ' 2 G C([0, 1]) for n > 2. Then 

oo 

|wj(.T)| 2 = lim r n (x) = 1 for n^l 

i=l 

and = 0. Define uq = 1 and Uj G C([0, 2]) by 

Ui (a;) = «i(a;) (if < a; < 1) and Ui(x) = -Vi(2 - x) (if 1 < x < 2) 

for i = 1,2,..., and Uj(l) = for « 7^ 0. Then for x / 1, we have 
E"o l«i(«)l 2 = 2 and £^(0^(2-2;) - 0. Forx = 1, wehave£~ M 1 )!' 
1. We claim that (tii)»=o,i,... is a basis for Y\ For any / GY = C([0, 2]), wc 
shall show that 

I™ E U *( U ^) A = f- 

Frfinitc ' 
i£F 

Let F be a finite subset of {0,1,2,...}. Put SV = ^2 ieF Ui(v,i\f)A- Since 
IKslffUH = \\E(g*g)\\ < WgW^ for 5 e B, it suffices to show that lim F:finite ||/ - 
5f||oo = 0, where ||.g||oo is the sup norm. We may assume that G F. For 
< x < 1, we have 



/(*) - S F (x) = f(x) K(*)| 2 /(z) + ^W^( 2 - ^)/( 2 - *)} 

ieF ieF 

=/(»)- {^(1+ E «i (*))/(*) + ^(1- E «?(*))/(2-*)} 

i£F\{0} iGF\{0} 

= ^(1- E «fW)(/W-/(2-x)). 

i£F\{0} 

For any e there exist S > such that for any ir satisfying 1 — 5 < x < 1 , we 
have |/(x) — /(2 — x)\ <e . Since |1 — X)ieF\{o} v i( x )\ — 1> we nave 

|/(x) - S F (a;)| < £ for x e [1-5,1]. 

On the other hand, ^(x) 2 = 1 uniformly on [0,1 — 8}. We also have 

|/(x) — /(2 — x)| < 2||/||oo- Therefore there exists a finite set Fa such that for 
any finite subset F D Fo and for for any x G [0, 1], 

\f(x) - S F (x)\ < e. 

Similar arguments work for x G [1, 2]. Therefore («i)i=o,i,... is a countable basis 
for Y However, the range 4>(A) of the left action is not included in 1C(Xb), 
because the idenitity 4>{Ia) — Ix B IS not m £(Xb)- Therefore the bimodule X 
is not of finite right index. 
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